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Abstract. Stochastic process algebras such as PEPA allow complex stochastic
models to be described in a compositional way, but this leads to state space e
plosion problems. To combat this, there has been a great deal ofinaié-
veloping techniques for abstracting Markov chains. In particular, attst— or
interval — Markov chains allow us to aggregate states in such a way astg saf
bound transient probabilities of the original Markov chain. Whilst we qaplya

this technique directly to a PEPA model, it requires us to obtain the CTMC of the
model, whose state space may be too large to construct explicitly.

In this paper, we present a compositional application of abstract Mahains to
PEPA, based on a Kronecker representation of the underlying CTKi€ c@n be
used to bound probabilistic reachability properties in the Continuous Starhas
Logic (CSL), and we have implemented this as part of the PEPA plug-in for
Eclipse. We conclude with an example application — analysing the perfagnan
of a wireless network — and use this to illustrate the impact of the choice of state
to aggregate on the precision of the bounds.

1 Introduction

Stochastic modelling is concerned with reasoning abouesys with behaviour that
evolves over time in a probabilistic manner. It is often makuo describe such sys-
temscompositionally which is why stochastic process algebras such as PEPA47] ar
widely employed. The problem with compositional formalgsrhowever, is that their
underlying mathematical model (a CTMC in the case of PEPAjhtrbe exponentially
larger than its description. This, tistate space explosion probleis one of the biggest
challenges in adapting analysis techniques to realitisaded models.

To combat this problem, various techniques have been pedpfis abstracting
performance models. The basic idea is to find a smaller mbad¢lpreserves certain
properties of the original. If our model is a Markov chaingomay to approach this is
to combine, olaggregatecertain states in the model — hence reducing its state space.
Unfortunately, we cannot do this in general and still end ith & Markov chain, but we
can instead introduce non-determinism into the model sonb&oundthe probability
of a behaviour happening.

* This work was funded by a Microsoft Research European Schatarsh



As an example, say that we have a Markov chain that modelsrt-cerver system.
The original model might predict a probability 619 of the client receiving a response
from the server within one second of sending a requestadsiractionof the model
might instead give us aimterval of probabilities — for instancg(.8, 0.95]. Most im-
portantly, we want the abstraction to bafe in that this interval contains the actual
probability of the behaviour. The topic of this paper is apraach callechbstract—
or interval— Markov chaing5, 10], and how we can apply it to PEPA models.

If we want to use this technique to abstract a PEPA model, aneisvto gener-
ate a CTMC using the semantics of PEPA, and then apply theaalish to that. The
problem with this is that the state space of the model may d&tge to explicitly con-
struct — hence we would be unable to construct the abstractioe idea in this paper
is to instead construct the abstractmompositionally That is to say, we abstract each
component in a PEPA model individually, and compose thesdtain an abstraction
of the entire model. To do so, we use a Kronecker representtir PEPA [8].

The main contributions of this paper are as follows. Firstlg present an alterna-
tive Kronecker representation to that of [8], which avoilde tise of functional rates,
and prove that this preserves the semantics of PEPA. Secovelbevelop a composi-
tional method for constructing an abstract Markov chaimf@PEPA model, and prove
that this is a safe abstraction. Finally, we present a smalthgle that illustrates the im-
pact of the choice of states to aggregate on the precisioneobdunds obtained. We
have implemented the work in this paper as part of the PEPg-ipldor Eclipse [16],
which provides a graphical interface for abstracting medahd a model checker for
the Continuous Stochastic Logic [2].

A summary of this paper is as follows. We begin in Section 2riyoducing the
basic concepts of Markov chains and lumpability, along whita notion of an abstract
Markov chain, and the Continuous Stochastic Logic (CSL)sfeecifying properties.
In Section 3 we introduce PEPA along with its Kronecker reprgation, before show-
ing how to compositionally construct abstract Markov clsairom PEPA models in
Section 4. Finally, we demonstrate this technique on an pl&model in Section 5,
considering how different abstractions affect the precisif the model checking, be-
fore concluding with Section 6. For the proofs of the theménthis paper, please see
http://lanther.co.uk/papers/EPEW10.pdf.

2 Markov Chains

Let us begin by formally defining a Markov chain.

Definition 1. A Discrete Time Markov Chain (DTMC} a tuple(S, P), and aCon-
tinuous Time Markov Chain (CTMJ} a tuple(S, P, r). S is a finite non-empty set of
states,P : S x S — [0, 1] is a stochastic matrix, and : S — R is a function de-
scribing the rate of exit for each state. Fora CTMC whég) = 0 — i.e. no transitions
are possible from state— we setP(s,s) = 1, andP(s,s’) = 0forall s’ # s.

The matrix P describes the probabiliti?(s1, s2) of transitioning between two states
s1 ands, of the Markov chain in a single time step. In a DTMC, the dunatof this
time step is not specified, whereas for a CTMC it is determimed random variable
X (s), such thalPr(X (s) < t) = 1 — e "(®)* when the state has an exit rater¢s).



Often, a CTMC is described in terms of its infinitesimal gexter matrix@, whose
element) (i, j) (wherei # j) define the rate of transitioning between statasd; —

with diagonal elements given b§(i,i) = — Z#i Q(i, 7). This can be calculated
from the rate function and the probability transition matriR as follows:
Q=r(P-1I)

Here, we define the multiplication of a matri by a functionr as (rM)(i,j) =
r(¢)M (i, 7). The steady state of an ergodic CTMC with generator maiks a row
vectorm, such thatre = 1 (wheree is a column vector of 1s) and@ = 0.

If a CTMC has a non-zero exit rate for every state, then weiolita embedded
DTMC by simply discarding these rates:

Definition 2. Theembedded DTM®f M = (S, P, r) is Embed(M) = (5, P).

This, however, alters the behaviour of the Markov chain logwling away the relative
timing information of its states. In particular, the steatgte solution of the embedded
DTMC will be different from that of the CTMC. We can avoid thisoblem by first
uniformisingthe CTMC.

Definition 3. Theuniformisationof a CTMCM = (S, P, r), with uniformisation rate
A\ > maxges7(s) is given byUnif (M) = (S, P,7), wherer(s) = A forall s € S,
and:
P(s,s') = @P(s7 s') if s £ s

P(s,s) =1-3> ., P(s,s') otherwise
Essentially, uniformisation adjusts the CTMC by insertsgdf-loops, so that the exit
rate of every state is the same.

Consider a Markov chain with a state sp&c& he basic idea of state space abstrac-
tion is to reduceS to an abstract state spasé, which should be smaller thas. To
define an abstraction, we need a mapping between the coaogtehstract states:

Definition 4. An abstractiorof a state spacé is a pair (S*, a), wherea : S — S*
is a surjective function that maps every concrete state taletract state. We define a
correspondingoncretisation functigny : S* — P(S), asvy(s#) = {s | a(s) = s* }.

Aggregating a Markov chain according to an abstractiomeans that we do not dis-
tinguish between states that map to the same abstract Flageefore, to still have a
Markov chain, the rate of transition between two abstradestmust be independent of
the particular concrete state we are in. This is catletinary lumpability[13]:

Definition 5. Anordinary lumpingofa CTMCM = (S, P, r) is an abstraction{S*, )
such that for all states, s’ € S, if a(s) = a(s’) then for all states* ¢ S*:

Z r(s)P(s,t) = Z r(s")P(s',t)

tey(sh) tey(sh)

An ordinary lumping(S*, ) inducesa new CTMC, in that it completely defines the
transition rates between abstract states.
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Fig. 1. Ordinary lumpability of a Markov chain

An example of a lumpable Markov chain is shown on the left @ufe 1, which
can be viewed as a uniformised CTMC with= 1. Solving this Markov chain, the
steady state probability of being in an abstract state\ B) is equal to the sum of
the probabilities of being in each of its constituent stabether words, solving the
aggregated CTMC is equivalent to aggregating the solutidheoriginal CTMC.

2.1 Abstraction of Markov Chains

Unfortunately, it is often the case that a Markov chain we iaterested in is not
lumpable with respect to a particular abstraction. For e@aimodifying the probabili-
ties slightly in our example, leads to the Markov chain onrtgbt of Figure 1. We can
still construct an abstraction, however, if we label trdoas with aninterval of prob-
abilities, or rates — this is called abstract Markov chainThe notion of an abstract
DTMC was introduced in [5, 10], and extended to continuomnetin [12] by means of
uniformisation. The idea is closely related to Markov DemisProcesses (MDPs) [14],
in that transitions have both a probabilistic and a non+dgitéstic component.

An abstract CTMC (ACTMC) is defined as follows (as per [12]):

Definition 6. AnACTMC is atuple(S*, PX, PY X, L), whereS* is a finite non-empty
set of states, andP”, PY : S* x S* — [0, 1] are sub-stochastic and super-stochastic
matrices respectively, such that for all states’ € S*, P (s, s’) < PY(s,s'). Nisthe
uniformisation constant, denoting the exit rate for eveaates and we have a labelling
function : S* x AP — {tt,ff,?}.

Note that the labelling function contains a third truth gesnent, ?’, which signifies
uncertainty (some of the concrete states satisfy the piypast some do not). The
truth assignments naturally form a partial order relatmthe information they provide:
ff C?andtt C7, and—-7 =7,

This definition of an ACTMC induces a natural partial order.

Definition 7. If M% = (S}, PE, PV, Ay, Ly) and M% = (S8, PE, PV, Ay, Ly), then
we say thatM? < M if:

1. 88 =S4\ =N andL; = Lo.
2. Foralls,s' € S%, PE(s,s') < PL(s,s') < PU(s,s') < PV (s,s)



Intuitively, M% is an over-approximation aM?, since a greater range of transition
probabilities are possible.

If we have a uniform CTMCM and an abstractiofS*, ), then we can uniquely
define an ACTMC (the closest abstraction) as follows:

Definition 8. The ACTMCM! = Abs s:.4)(M) induced by an abstractiofiS?, )
on a uniform CTMCM = (S, P, r, L) is defined as follows. Sinck! is uniformised,
there is a constank such that-(s) = A forall s € S:

AbS(Sﬁ,a)(M) = (Sﬂ)PL)PU,A’Lﬁ)

where:
PL(5§7sg) = minn Z P(s1,s9) PU(st{,sg) = max Z P(s1,s2)
SN ) SED e (ol
tt if Vs € y(s¥). L(s,a) = tt
Li(sf,a) = { £fif Vs € y(s¥). L(s,a) = ££

?  otherwise

2.2 Continuous Stochastic Logic (CSL)

To describe properties of a Markov chain, it is useful to havegic for expressing
them. Continuous Stochastic Logic (CSL) [2] is a branchinge temporal logic that
is widely used for reasoning about CTMCs. In particular]ldvwas us to talk about the
probability of a state satisfying some temporal property, andithe intervalin which
the property must hold.

Formulae in CSL are classified ingtate formulaed, andpath formulaep. The
former are properties of individual states in the CTMC — faample, that the state
corresponds to an error. The latter are properties thatdfqidths (sequences of states)
through the CTMC — for example, that no errors occur beforeeeeh a goal state.

The syntax of CSL is as follows, for € {<,>},a € AP andp € [0,1], and
wherel is a non-empty interval ovék> U { oo }:

Pu=tt | a| PAND | P | Sqp(P) | Paply)
ou=Xo | oU'P

Aside from atomic propositions € AP and the standard logical connectives, there are
three types of property we can express in CSL.:

— A steady state property— S<,(®) is satisfied if the steady state probability of
being in the set of states satisfyidgs < p.

— A timed next property— Pi]p(XI@) is satisfied of a state if the probability that
we leave the state at tiniec I, and the next state satisfi@sis < p.

— A timed until property— P« (®1 U'®,) is satisfied of a state if the probability
that we reach a state that satisfiésat a timet € I, and we only pass through
states that satisf$, along the way, isd p.

In the model checker PRISM [9], we can also wrteantitative propertiesS_- ($) and
P—_+(p). These allow us to calculate, rather than just compare giitties.



The focus in this paper will be on bounding the probabilitytiofed until proper-
ties As an example of such a property, consir o(—Error U010 Completed),
whereAP = { Error, Completed }. This is satisfied by all states from which there is a
probability of at leas.9 of reaching a Completed’ state within 10 time units, without
encountering anyError’ states before then. In [12], a three-valued semantics af CS
is given, along with a model checking algorithm for timedilpitoperties.

3 The Performance Evaluation Process Algebra

So far we have looked only at bounding Markov chains, but thea this paper is

to present a compositional approach to bounding stochastaess algebra models. To
this end, let us introduce the Performance Evaluation BeAdgebra (PEPA) [7] — a
compositional formalism with CTMC semantics. In PEPAsyatenis a set of concur-
rentcomponentswhich are capable of performirartivities An activity a € Act is a

pair (a, ), wherea € Ais its action type, and € R>,U{T} is the rate of the activity.
This rate parameterises an exponential distribution, fidspecified (denoted), the
activity is said to bgpassiveln this case, another component is needed to actively drive
the rate of this action. PEPA terms have the following syntax

Cg = (a,r).Cs ‘ Cg+Cs | A (1)

We call a termCs a sequential componenand a termC'y, a model componenflo
define a PEPA model, we need to identify a particular modelpmmant that describes
its initial configuration, which we call theystem equatiorThe meaning of each com-
binator is as follows:

— Prefix ((a, r).C): the component can carry out an activity of typet rater to
become the compone6t.

— Choice(C; + C5): the system may behave either as comporieénor Cs. The
current activities of both components are enabled, andrteafitivity to complete
determines which component proceeds. The other compahdigdarded.

— Cooperation(C} D§ C5): the componentg’; andCy synchronise over the coop-
eration setL. For activities whose type is not ih, the two components proceed
independently. Otherwise, they must perform the actidgether, at the rate of the
slowest component.

— Hiding (C/L): the component behaves @s except that activities whose type is in
L are hidden, and appear externally as the unknowntype

— Constani{A = C): component has the namel.

The operational semantics of PEPA defines a labelled nraltisttion system, which
induces aerivation graphfor a given component. Since the duration of a transition in
this graph is given by an exponentially distributed rand@mable, this corresponds to
a CTMC. An example PEPA model with two components is showrigate 2.

To apply a compositional abstraction to a PEPA model, we tieembnsider the
structure of its underlying CTMC. It was shown in [8] how thengrator matrix of
this Markov chain can be represented in a compositidfadneckerform. Here, we



C1 ::e: (a;7a).C2 + (b,14).Cs G D,
Cy = (1,72).C1 + (7,72).C3
C3 = (1,1r3).C2 + (1,73).C1 a b
D, ::e:(a7 rp).Da
Dy ® (b.rp).Ds G {a,b}
¢ {Eﬂ} Dy G D

Fig. 2. An example PEPA model and its graphical representation

develop a slight variation to avoid the need for functioratks. If we consider the
system equation of a PEPA model, it has the following form:

Ci - B Oy 2)

We can ignore the hiding operat6y/ L without loss of generality, since we can always
rename action types to avoid name conflicts between compsnen

The semantics of PEPA allows us to induce a CTMC from the systguation of
a PEPA model. If we look at ragmentof the system equation, we can also induce a
CTMC following the PEPA semantics — but only if the fragmeatnot perform any
passive activities. In order to describe the behaviour afagrient thatan perform
passive activities, we will generalise the notion of a gat@rmatrix. In particular, if
we consider a sequential componéht having a state spack = ds(C;), we can write
a ‘partial’ generator matrix for the component as follows:

Qi = Z Qi,a = Z Ti,a (Pi7a - I|Sl|> (3)

a€Act(C;) a€Act(C;)

Here, eactQ, , is an|S;| x |.S;| matrix that describes the behaviour@f due to activ-
ities of typea. Importantly, the elements @); , come from the sSRU(R x { T }) —
i.e. they correspond to either an active rateRin or a passive rate (iR x { T }). We
define addition and multiplication over these elements befs, forr, s € R:

+ | s (s, T) x | s (s,T)
ror+s T r rs (rs, T)
(r,T) s (r+s,T) (r, T)|(rs, T) (rs, T)

We further decompose ead; , into a rate function-; , and a probability transition
matrix P; , —r; o : S; — R>oU{ T } gives the rate of action typefor each state ii$;,
P, , gives the next-state transition probabilities conditiama performing an activity
of typea, andI g, is the[S;| x |S;| identity matrix. If, for a state, r; ,(s) = 0, we
write P; ,(s,s) = 1 andP; ,(s,s’) = 0 for s’ # s. Since the rate is zero, we could
effectively have chosen any values for this row, but thisolmencodes the fact that we
remain in the same state.

To build a compositional representation of the generatdrim@ of an arbitrary
PEPA model, whose system equation is structured as in Euatiwe need to com-
bine the individual generator matric€k , in an appropriate way. More precisely, the



compositional representation ¢f has to describe the same CTMC as induced by the
semantics of the PEPA model. Because cooperation betwee®BEPA components
uses theminimumof two rates, we need to be especially careful that this leadise
correct apparent rate for each state and action type.

To do this, a Kronecker representation for PEPA was develap8], using func-
tional rates. We take a slightly different approach heré¢hat we ensure that functional
rates depend only on the state of a single component, at frensg of having more
complicated combinators for combining tldg¢ , matrices. This leads to a represen-
tation that is a little less elegant mathematically, butekhénables us to more easily
establish and prove the results in this paper. To descrébgeherator matrix ter@; ,
for activities of typen in a componenc’;, we will use the shorthang@; ,, P; ,,), which
is defined as follows:

(Ti,aa Pi,a) =Tia (-Pi,a - I\S’l\) = Qi,a

wheres; is the state space df;.

Recall thatr; , is an apparent rate function (depending only on the staté;pf
andP, , is a probabilistic transition matrix, as in Equation 3. lfangponent; cannot
perform any activities of action type we define its generator matrix term toe , =
(r1,Ijs,)), wherer (s) = 0 forall s € S;.

Using this notation, we can now introduce two Kronecker apes, ® and ©,
which correspond to cooperating and independent acsvitiéwo components’; and
C, cooperate over an action typewe will use the operata®, which is defined as:

(Tl,aa Pl,a) ® (r2,a7P2,a) = (mln{ T1,a572,a }; Pl,a & P2,a) (4)

wheremin{ rq 4,72,4 }(51,82) = min{r 4(s1),72,4(s2) } forall s; € S; ands; €
So. The operator denotes the Kronecker product of two matrices.

If, on the other hand;; andC> independently perform activities of tyjae we will
use the operatap, which we define in terms ab:

(T1,0s Pr,a) © (2,0, Pora) = (1,0, P1,a) ® (17, Lisy)) + (77, I15,1) ® (72,0, Poa) (5)

wherer+(s) = T for all s. This is intuitively the Kronecker sum defined over ¢urP)
notation. Here, the- operator is normal matrix addition at the level of the getwnma-
trices, but to continue to use olr, P) representation we will define it compositionally:

Theorem 1. Consider two generator matrice®; = (r1, Py) and Qy = (r2, P),
corresponding to the same state spate— Q; and Q- are both|S| x |S| matrices.
Then@Q + Q- can be written as follows:

1 T2
Q1+ Q2= (r1,Py) + (r2, P) (7“1 +T2’r1+7'2 1+r1+r2 2)

where(ry + r5)(s) = r1(s) + ra(s), and ;2 (s) = 5L, i € {1,2}, for al
seS.



The coefficients ofP, and P, describe the relative probability of taking a transition
corresponding t@); or Q.. Note that they are functions, in that each row of the matrix
is multiplied by a different value — this is because the re¢éaipparent rate can differ
between states.

For both of our Kronecker operatoi®,and®, the resulting generator matrix term
is for the component’, DLQ Cs, and has a state space$f x Ss. This Cartesian state
space does not in general correspond to the derivativésé€t Dﬁ C5), since it may
contain unreachable states. In practice, however, we reeygand out the Kronecker
form directly, in the sense of performing the tensor multgions — after using the
tensor representation to perform the abstraction, we gémenly itsreachablestate
space for the purposes of model checking.

We can now define our Kronecker representation for PEPA nspdsing the® and
© operators.

Definition 9. Given a PEPA model’ = C; %ﬂ LDQ Cl, its Kronecker form
1 N-—-1
Q(C) is defined as follows:

Q(C1 B4 - DX COy) = Z Qu(C: B - DX Oy)
- a€ACt(C) N

where Act(C) is the set of all action types that occur @ (both synchronised and
independent), an@, is defined inductively as follows:

Qa(Ci) = (ria, Pia) if C; is a sequential component
Qa(cz Df] CJ) - {Qa(cv) @ Qa(CJ) 1fa g L

The following theorem establishes the correctness of oon&cker representation, in
that it defines an equivalent CTMC to that induced by the PE#Aastics:

Theorem 2. For all well-formed PEPA modelg”, the CTMC induced by the semantics
of PEPA and the CTMC described by the generator ma@{’), projected onto the
derivative setls(C) (the reachable state space@j, are isomorphic.

As an example of how the Kronecker form is applied, let us thkePEPA model
from Figure 2. Here, there are two sequential componénta(id D) and three action
types — we cooperate ovarandb, but 7 is performed independently. Applying our
Kronecker form, we arrive at the following structure 13 C} {?ﬂ} Dy):

Q(Cy B D1) = Q-(C1) © Q-(D1)
+ Q.(C1) ® Qu(D1)
+ Qu(C1) ® Qu(D1)

1 A well-formed PEPA model is one in which cooperation occurs only at thel lef the sys-
tem equation. If a model has a single system equation, the PEPA syn&axigi€quation 1
implicitly guarantees that it is well-formed.



If we had an additional copy of component, such that the system equation was
Ch {Eﬂb} (D1 || D), thenQ(C4 {Eﬂ} (Dy || Dy)) would be written as:
Q(Cy P (D1 || D1)) = Q-(Ch) © (Q+(D1) © Q~(Dy))
+ Qa(cl) ® (Qa(Dl) © Qa(Dl))
+ Qu(C1) ® (Qp(D1) © Qp(D1))

Returning to our model with just two components, let us adeisthe internal ac-
tion type T of componentC. We can write the corresponding generator matrix term,
Q-(C1) = (r¢,r, Pc,r) as follows:

0 100 0 100 100
Q- (C)=||2r2], %0% = |2 %0% — (010
2r3| |530 2r; 110 001

Although it has been written as a vector in the above, it isirtgnt to remember that the
rate function is dunction and is interpreted as multiplying each row of the probapili
transition matrix by the corresponding rate. The genenatairix for the entire model
can be written in its Kronecker form as follows, where we expaut the® and ©
operators to show the tensor produgts

0
@ = min 2r9 |, [T}
-
27’3
T
4+ min T, {8]

Ta
4+ min 0], {TD}

Ty
4+ min 0 7[0]
D

10

100
010| ®
001

100 [1

°]
°]

010 ®
001

100]
010
001 ]

100]
010
001 ]

o]
!

10]
01

10]
01|

(6)

Note that the second term in the above evaluates to zerajsetaeD component does
not perform any internat activities.

4 Compositional Abstraction of PEPA Models

To model check transient CSL properties, excluding the dimext operator, we will
show in this section how to compositionally construct an MZTfrom the Kronecker
representation of a PEPA model. We will begin by definingA&@TMC componenin

which we bound the probability transition matrix and thesrfanction separately.

Definition 10. AnACTMC components a tuple(S*, PL PV rL »U_L¥), whereS*,
P~ PV and L are defined as per an ACTMC, and the rate functiohs-V : S% —
R, satisfyrl(s) < rY(s) for all s € S*.



An ACTMC component induces an ACTMC as follows:
Definition 11. Let M* = (S* PL PY rL rU [#) be an ACTMC component. We

a’'aria>

can define an ACTMC with unformisation constant max,.g: 7V (s) as:
ACTMC\(M*) = (S*, PL,PY )\ L)

wherePL and PV are defined as follows:

L
: T“T(S)PGL(S, s') if s #5
P=(s,8') = L U
ra(s) Pl(s,s)+ (1 - o (5) otherwise
A A
U
"o (5) PY(s,s") if s# s
PY(s,s") = rjzs) rk(s)
a)\ PY(s,s)+ <1 - a)\ > otherwise

The intuition here is that we add the diagonal elements towudor the terml — e T
that appears in the uniformised probabilistic transiticatnin:
1

Xra(Pa -I+1

Since we only have upper and lower bounds for the ratewe need to choose the most
conservative values to ensure that the bound is correct.cimes at a loss of precision,
but this is necessary if we are to combine the ACTMC companamd still end up with
a safe ACTMC — with respect to the ACTMC obtained from the Markhain of the
PEPA model. In this context, an abstract CTMA@, is a safe approximation ot if
M? < M&, as per Definition 7.

Given a sequential PEPA componéhtwith state spacé;, we can define a CTMC
M;.a = (Si, Py o, 74, L;) describing the behaviour of the component with respect
to action typea. This will not necessarily be ergodic, since some states;afight
not perform an action of type. The componeng; , corresponding toM; , in the
Kronecker representation of the PEPA model is defineQas= r; o (P; . — I). From
the CTMCM, ,, given an abstractiofS*, o), we can derive an ACTMC component:

Definition 12. The ACTMC component induced by an abstractish o) on a CTMC
M = (S,P,r, L) is defined as:

AbsComp(5u7a)(/\/l) = (Su7PL7PU7rL7TUaLﬁ)

1
sz I:
/\Q+

where:
PL(sfi,sg) = min Z P(sy,s5) rE(s*) = min r(s)
sle’y(sul) " s€y(st)
s2€7(s5)
PU(sﬁ,sg) = max Z P(sy,s0) rY(s!) = max r(s)
5167(sn1) " s€y(st)
s2€7(s5)
tt if Vs € y(s¥). L(s,a) = tt
Li(sf a) = { ££if Vs € y(s*). L(s,a) = £f

? otherwise
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Abstract CTMC ACTMC

Components ACTM C#
Safe Approximation
AbsComp
> i
PEPA | /.o
ACTMC

Fig. 3. Safety property of Abstract CTMC Components (Theorem 4)

Theorem 3. Consider a CTMCM = (S, P,r, L). For any uniformisation constant
A > maxge s 7(s), and any abstractioiS*, ) on M, the following holds:

Abs(s1,0) (Unif \(M)) < ACTMC (AbsComp s o(M))

This theorem states that ACTMC componesddely approximat&CTMCs. In other
words, an ACTMC component gives an over-approximation @fttobability transition
intervals, compared to directly generating an ACTMC.

Consider two ACTMC components\Vti’, = (S}, PE,, PY,,rf,,r¥,, L}) and
MY, = (85, Pf,, PY, vk, v, L5). We can construct a new ACTMC component,
corresponding to the two components cooperating overmattjzea as follows:

M, ® ME, =
(Si1 X Sg,PlL’a ® P2L7G, P{{a ® Pga,mirl{ rlL’a, 7'2L_u }, min{ 7'ga, rg_ﬂ },Lﬁ X Lg)

where the new labelling function & x L%((sy, s2),a) = L} (s1,a) A L}(s2,a). The
minimum operators in the above come from the semantics gieradion in PEPA, so
they apply to both the upper and lower bounds for the ratethelftwo components
do not cooperate over the action typéi.e. they perform activities of type indepen-
dently), then the new ACTMC component will instead be:

M%aGMg%a = (Sii X Sg’PlL,aEBPQI:avPll,]aGBPQI{avria+r£a’7{{a+rga7[’2 X Lg)

where(r, +15,)(s1,52) = rf,(s1) + 78, (s2) for B e {L,U }.
We can now present the main theorem of this section — that @EMC we obtain
by composing the ACTMC components of a PEPA model is a safappation of the

ACTMC obtained directly from the CTMC of the model. This imidtrated in Figure 3.



Theorem 4. Consider two PEPA components and C,, with abstractions 5%, ;)
and (5, a») respectively. Le¥, = AbsComp gz, (Qa(C:)) fori € {1,2}. Then

1/7

for all A such thatUnif ,(C1 B Cs) is defined, the following holds:
Absst oy (Unif (@ (€181 2))) <

ACTMC, (Z ME o ME, +> MF, 0 Mﬁ;fa)

a€l acl

whereS? = S¥x S% a(sq, s2) = (a1 (s1), aa(s2)) and L = (Act(Cy)UAct(Cr))\ L.

Since this method produces an over-approximation to thecoompositionally de-
rived ACTMC, we can directly apply the model checking alfom described in [3,
12] — this allows us to check transient three-valued CSL ertgs. In particular, given
a CSL state propert®, we can determine the set of states that definitely safigtye
model checker returnist), and those that definitely do not (it returfis).

Let us return once more to the PEPA model from Figure 2, angtoact an ACTMC
for the case when we aggregate statesndC’s. The Kronecker form of the generator
matrix @ of the model is as follows (the same as Equation 6, but withwaiterm that
evaluates to zero). To make the example concrete, we sdatéwsuch that, = ro =

rp =1landr, =r3 = 2:
0 100
1 1
0 001

0
Q@ = min 2
4
(1] (010 [100]
+ min{ |0 [H 010 ®[8}]— 010 ®Bﬂ
|0 (001 1001 ]
2
0
0

[27] [001] [100]
+ min ,[ﬂ 010 ®[}8]— 010 ®Bﬂ
i (001 ] 1001 ]
The compositional ACTMC now has the following form, where save space by writ-
ing intervals for the elements of the matrices, rather théervals on the matrices:

or=unf[ ] (8112 )
(B (2= 1)) )

can (3]0} (3] [18] - [35] < o2])

= O

We can multiply this out to arrive at the following ACTMC (wteethe uniformisation
constant\ = 4). For clarity, we have labelled the state that each row ofntiarix



corresponds to:

(C1Dy) 50 0 % 1000
gt =  (G1D2) 0O 4 o0 5 | |o100
(Ci233D1) 1, 3] 0 1,3] 0 0010
(Cra3yD2) 0 [3.3] 0 [59 0001

We are now in a position to model check transient CSL/X prigeof this ACTMC,
and compare them to the original PEPA model. As an examptesider the property
P_r(Cy U] C{2,31), Which asks the question “what is the probability that withi
the first time unit, we will remain in stat€; before moving to stat€’; or C3?” Since
there are only two states in the abstractédomponent, this is equivalent to asking
whether we will leave stat€’; within the first time unit. Model checking the original
model gives an answer 616321, and in this case the ACTMC gives a precise answer
of [0.6321,0.6321].

In this case, the abstraction is a success because it givay dight bound on the
property. Of course, in general we cannot expect to alwayaimhight bounds, and
the choice of abstraction has a large impact on the preci$ios purpose of this small
example was to demonstrate how our abstraction is appliede-will/look at a more
interesting example in the next section, to illustrate teéhnique in practice.

5 An Example

To demonstrate the applicability of our technique, and hoyartant the choice of ab-
straction is in obtaining precise bounds, we will considenall example: The CEO
of a large company often enjoys walking around the groundbeif corporate head-
quarters, whilst thinking up new marketing strategies.aéeshe strolls around, she still
expects to receive emails from her secretary, courtesy afermotechnology. A num-
ber of wireless access points are located in the groundshbigignal strength varies
from place to place. If an email with an urgent report mustdemoaded as 9 separate
packets, what is the probability that the CEO can expect fban@ertain length of time
before receiving it?

Li; = Y (move,T).Ly; + (download, (i, 5)).Li,; 105211

(#,3")€C(i,5) 55221

CEOw = (move, ryax). CEOw + (T, Tstop). CEOT ro=122555

CEOr = (7, "think)-CEO71 + (T, 7'start). CEOw 125105

Device; = (download, ¥ pmas)-Device (;4+1)mod10 11555
CEOw {Eoﬂ} Loy MO%M}Deviceo

Fig. 4. A PEPA model of a wireless network

Figure 4 shows a PEPA model of such a scenario. We consiglerfagrid of loca-
tionsL; ;, such thad < i, j < 5 and we defing’(i, j) to be the set of locationg’, ;)



Aggregated States |State Space SiZeP_- (tt U Finished )| P (tt U™ Finished)
None 500 [0.07847,0.07847] [0.74781,0.74781]
ij>4 340 (0.07774,0.08136] | [0.61874,0.86546]
1,7 >3 200 [0.07556,0.10893] [0.49380, 0.96653]
RowsL; . 100 [0.00001,0.18848] | [0.00001,0.99185]
ColumnsL, ; 100 [0.00001, 0.18848] [0.00001,0.99185]
Corners, Edges, Middle 60 [0.00001, 0.18848] [0.02230, 0.99692]
All 7,5 20 [0.00000, 0.27091] [0.00380, 0.99890]

Table 1. Analysis of the PEPA model in Figure 4

adjacenttdi, j) — as an example; (0, 3) = { (1, 3),(0,2),(0,4) }. rp (7, j) gives the
rate of download at each location, and a particular conftguras shown to the right
of the figure — with wireless access points at locatighg)) and (3, 3). The CEO is
modelled by a component with two states &£ Oy corresponds to her walking, and
CEOr corresponds to her stopping and thinking. The mobile desycdes through
statesDevice; for 0 < i < 10, recording how many packets have been downloaded.

Table 1 shows some analysis results for this mdehere the atomic proposition
Finished corresponds to the device being in stateviceg. We analyse two properties,
corresponding to the probability of completing the downlagithin 1 minute and 3
minutes respectively. Given different abstractions ofthie component, it is clear that
some result in much tighter bounds than others. Even thesestabstraction yields
someuseful information, however the tightest bounds in thissca® when we aggre-
gate the locations furthest froiy o — we are less likely to reach these states within
the specified time interval.

Although the state space reductions are relatively smahligmnexample, remember
that we are abstracting just one component in a small modiel niajor impact of our
abstraction, in terms of state space reduction, is for nsogd&h many components in
parallel, where we can abstract multiple components.

6 Conclusions

Abstract Markov chains are a powerful technique for redgi¢tre size of a Markov
chain, and allow us to obtain bounds on transient propestiel as probabilistic reach-
ability. We have applied this compositionally to PEPA madgelllowing us to bound
models where the underlying state space is too large tosepteWe proved that the
compositional abstraction yields a safe over-approxiomatif the non-compositional
abstraction, and we demonstrated our technique with a xathple.

Recently, abstract Markov chains have also been appliegpasitionally to In-
terval Markov Chains (IMC) in [11], through the use of modalrisitions. In addi-
tion, there are many other techniques for abstracting Madkains that we did not
mention — for example, disaggregation/aggregation [16hsitlumpability [4], and
stochastic bounds [6]. The main challenge, however, is dirftntechniques that can
be applied to as broad a class of model as possible.

2 We taker o = Tstop = Tstart = 10, Tthink = 1, @NAT ppaz = 7.



Whilst we have demonstrated the utility of compositionaltedzgion of PEPA mod-
els, there remain many interesting future research diestiOne direction of particular
interest is in algorithms for long-run averages over abstxdarkov chains [1], which
would allow the same abstractions to be used for CSL steadly &trmulae as for path
formulae. In summary, abstract Markov chains are a usetbhigue for stochastic pro-
cess algebra modellers to have at their disposal, and bgibgrhis to PEPA, we feel
that we have broadened its practical applicability.

Acknowledgements We would like to thank Jane Hillston for her invaluable adyvic
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Theorem 1

Consider two generator matrice€3; = (r1, P;) andQs = (r3, P»), corresponding to
the same state space(Q: and Q- are both|S| x |S| matrices). The@; + Q- can
be written as follows:

r r
Qi+ Q2= (r,Pr) + (r2, Po) = (7”1 +ry, ——P 4 —2 P2>

L+ T2 1+ 72
where(ry + r3)(s) = ri(s) + ra(s), and Li—(s) = Tl(sfjiisr)Z(s), i€ {1,2}, forall
seS.

Proof. The proof is as follows. For an entgys’, whens # s’, in Q1 + Q2, we have:

(Q1+Q2)(s,8") = ((r1, Pr) + (r2, P2))(s,8")
= (rl,Pl)(s,s) (7’2’P2)( s')
=711(8)Pi(s,8") + 12(s5) Pa(s, 8")

= (r1(s) +2(s)) (—Mﬁig(s)Pus )+ g Pas. o)
= (Tl +ro, s Pt Pz) (s,s")

T1+T
Whens = s, we similarly have:

(@1 + Q2)(s,8) = ((r1, Pr) + (r2, P)) (s, 5)

= (r1, P1)(s,8) + (r2, P2)(s, )
=71(s)(Pi(s,s) — 1) + ra(s)(Pa(s,s) — 1)
= (r1(s) + ra(s)) (im(;;ﬁz(s)pl(s )+ e Pa(s,s) 1)
= (rl + 2, lerz P+ T1+T2 P2> ( )

Theorem 2

For all well-formed PEPA model§', the CTMC induced by the semantics of PEPA and
the CTMC described by the generator mat€C'), projected onto the derivative set
ds(C) (the reachable state space @}, are isomorphic.

Proof. Since, in a PEPA model, the transitions of each action typéaependent from
one another, we can consider them separately. We therederktn prove that for each
action type, the transition rates induced by the Kroneckanfare identical to those
induced by the PEPA semantics, as given in [7].

We proceed by induction on the structure of the system egjuadti the base case,
for a sequential component;, Q,(C;) = (riq, P;q) corresponds, by Definition 9,
precisely to those activities of typethatC; can perform. In other words, fat s’ € .S;,
ri.a(s) is the apparent rate of action typein states, and P; (s, s’) is the relative
probability of moving to state’, if we perform aru activity in states.

For the inductive case, we make the hypothesis that thetedaasitionC, M Cy
induced by the PEPA semantics of a compor@nrt- whereC may be a composition
of sequential components, add, C; € ds(C) — if and only if Q,(C)(C1,Cs) =



r4(C1) Py (C1, C3) = r. We can ignore the case whéh = C; as self loops cancel out
in the generator matrix.

,(a'r

Assume that there is an additional compon@hsuch thatC; ——= C iff itis the
case thaQ,(C")(C1, Cy) = r', as above. We will prove that for all sets of action types

L, C DX ¢ induces a transition; >< ¢ -2~ ACIUNYSA D> ¢y iff:
L L
Q.(C' B C)(Cy B C1, 0, B Cy) =
Consider the case € L. Then:
Qa(c B§ Cl)(cl [)LQ 01702 DI:Q Cé)

= (Q.(C) ® Qu(C"))(C1 B €1, C2 B ()
= ((ras Pa) ® (1, P1))(C1 B O, 05 D1 )
= (min{rg, 7, }, Py @ P)(C1 B4 C1,C, B C)
= min{ 74 (C1), 7, (C7) }(P. (01702) x PL(C1,Cy))
= min{ r,(C1),7,(CY) }ra DA (C T (CT)

where the final step follows from the induction hypothesisisTis equal by definition
to the PEPA semantics of cooperation for action typesL, hence gives the ratg of

the transitionC; Dﬁ Cy —> Cy Dﬁ CY, induced by the PEPA semantics.
Consider the casegz L. Then:

Qa(c BLQ Cl)(cl DLQ 01702 BLQ Cé)
= (Qa(c) © Qa(C/))<Cl [}Lﬂ 01’02 DLQ Cé)
= ((TaaPa) © (r:zvpé))(cl Dfl Ci,CQ DLQ Cé)
= ((ra, Pa) ® (r7,I) + (rr,I) ® (1}, P,))(C1 DX O, Gy B C)
= min{rq, T H(C1, C}) Pa(Cr, Co)I(C}, C4) + min{ T, v/, Y(Cy, C)I(Cy, Co)PL(CY, C3)
= 74(C1) Po(Ch, Co)T (Cng)Jr?" (CDI(Cy, Co) Py(Cr, Cy)
ra(Cl) (01702; if 02

= r(C)HPLCL,Ch) if Cy =
0 otherwme
r ifCL=Cf

= rif CQ Cl

0 otherwise

where the final step follows from the induction hypothesikisTcorresponds to the
PEPA semantics of cooperation for action typeg L, where the activities of the two

components take place independently. In other wofsx< Cf ~—~ (@r) (12 >y if
¢, 27 ¢, in component, andC, > Cf —— (a;r') Cy B Cyif Cf (o’ 02 inC’.

Theorem 3

ConsideraCTMCM = (S, P, r, L). For any uniformisation constant > maxgcs r(s),
and any abstractiofS*, o) on M, the following holds:

Abs (st a) (Unif \(M)) < ACTMC )y (AbsC’omp(Sn7a)(M))



Proof. Consider a CTMCM = (S, P, r, L), which is not necessarily uniform. Let us
define its uniformisation with respect foas:

M = Unif \(M) = (S,P,7, L)

where P is the uniformised probability transition matrix (see Défon 3). SinceM
is a uniformised CTMC, we can define its abstractibti with respect to(S*, o) as
follows:

Mﬁ = AbS(Sﬁ,a)(M) = (Su7PL7PU7>\7Lu)

where PX and PU give the lower and upper bounds for the uniformised tramsiti
probabilities, and.? is the abstract labelling function (see Definition 8).

Considering the ACTMC component, let us define:
M = AbsComp gz 0y (M) = (s*, PL Py L vU L¥)

whereP%, PY, r& andr? give the lower and upper bounds for the transition proba-
bilities and exit rates, anfi* is the abstract labelling function (see Definition 12). The
CTMC induced byM?® is given by:

ACTMC \(M*) = (S*, P'L, PV )\ L¥)

whereP’" and P’V give upper and lower bounds for the uniformised transitiosbp
abilities, after converting the abstract CTMC componettd en ACTMC (see Defini-
tion 11).

Let us now consider the lower bounding matrices — we reqtia¢ for alls, s’ €
St P'E(s,s") < PL(s,s'). Consider first the case when# s’. Then we have:

r&(s) oL
P'l(s,s) = C)\ P (s,s) Definition 11
1
= — min r(f) min P(t,t) Definition 12
A tey(s) ()tew(s)t/g:(sl) (t.t)
t
< min Z Qp(t,t') Since min(ab) > min(a) min(b)
tey(s) , A
t'evy(s’)
= min P(t,t Definition 3
te(s) /Z, (&£
t'ev(s’)
= PL(s,s) Definition 8

Note that the central step works on the basis that all ratg@peobabilities are positive,
hence the minimum of the product is greater than or equaktptbduct of the minima.



For the case whesn = s’, we have:

U L
P'l(ss)=1- @ TC)ES) PCL(S7 s) Definition 11
1 mi / s
=1-—- t P(t,t Definit 12
5\ trgrlﬂfazc)r( ) + 5 tew( )r( )treriyl(n) (t, ") efinition
t'ev(s)
<1-— 1 max r(t) + min wp(t,t/)
A tey(s) tev(s) A
v v t'ev(s)
r(t r(t
<1- Jmax Z %P(t7 ')+ trr;l(n) Z %P(t, t')  See Below
t’eS\{t} tey(s)\{t}
= min - > L}\t)P(t,t/) + > iA“P(t,t’)
) veS\(t) rernt)
= min P(t,t) Definition 3
tev(s) vens)
= P%(s,s) Definition 8

To prove the noted step, let us assume that we have the minandmaximum values,

fin gmin gmax gndgmin of the following sums:

— " maximises:max (r(t)).
tevy(s)

r(t
— tI" minimises: min QP(t,t’).
tevy(s) tens)
max H 1 T(t) /
— 1P maximisesimax Y —CP(tt).
) ey
oD i r(t) ,
— " minimises: max ) —P1).
) e on e}
Using these minimising and maximising values, we have:
max mln .
1— T(t; ) + Z t2 tgnm’t/)
t'ev(s)
max mln
S 1— T(t; ) + Z t4 mm7t/)
) t'ev(s)
_ r(tinax) T(tinm) min jmin T(tinm) min ,/
fl—f TP(M )+ Z » h Pty 1)
ver\pmy T
S 1— T(ti\ ) T(ti; )P(ténax7t§)ax) 4 Z T(t4)\ )P(tzlin,t/)
tey()\{ tpin _
max min )
-1 T(tf_; )(1 _ P(tgnax’ gnax)) + Z T(t4)\ )P(tznm,t/)
vey(s\Lepiny
max min .
—1_ T(tB ) P(tgﬂax,t/) + Z T(t4)\ )P(tiﬂm,t/)
YES\E™ ver\epiny
max min .
—1— T(té)\ )P(tlénax,t/) + T(t4)\ )P(tinm,t/)

ves\{1pax} ey (s\{ i }



Hence it holds thaP'" (s, s’) < P%(s,s').
By a similar argument, we can show thRt (s, s’) < P'Y(s,s’), hence we have
ME < ACTMC \(MH),

Theorem 4

Consider two PEPA component§ and Cs, with abstractions(Sﬁ,al) and (Sg, as)
respectively. LetV¥, = AbsComp g, ,(Qa(Ci)) for i € {1,2}. Then for all\
such thatUnif , (C1 B Cs) is defined, the following holds:

Abs(se.oy (Unif, (@ (01220 G3))) <

ACTMC, (Z ME @ ME, +> MY, 0 Mﬁ%a)

acL a€l

whereS? = $¥x S5, a(sy, s2) = (ay(s1), aa(s2)), andL = (Act(Cy)UAct(Co))\ L.

Proof. Consider first a particular action typec L U L. This results in the following
term from the above comparison (expanding out the Kronemerator on the left hand
side):

Abss: ) (Unif  (Qu(C1) © Qu(C2))) < ACTMC, (MF, 0 ME,)

Where® = ® if a € L, ando if a € L.
From Theorem 3, we have the following:

AbS(Su@) (UanA (Qa(Cl) O) Qa(CQ))) <
ACTMC (AbsC’omp(Snya) (Q.(C1) @ Qa(CQ))>

We therefore need to show that:
AbsComp sz o) (Qa(C1) ® Qu(C2)) = ME, © MF,
Consider the case whenc L, and therefored = ®. We have:
Q.(C1) ® Qu(C2) = (S1 X S2, P1y @ Py g, min{r1,4,72,4 }, L1 X Lo)
The ACTMC component¥# that this induces is as follows:

MEF = AbsComp g1 0)(Qa(C1) ® Qu(C2))
= (81 % S8, (PLu ® Poo)”, (Pro ® Po), (min{r1a,r20 ), (min{ 70,20 DY, L x L3

But notice that the lower boundP; , ©® P, )" is the same a®/, ® Py, since the
minimum of a product is the same as the product of the minimapébsitive values.
Furthermore, the lower bound for the rate functiGmin{ r; ., 72, })¥, is the same as
min{ r{,,r%, }, the minimum of the lower bounding rate functions. The sawiei$



for the upper bounds. But this is the same as the composifitrecACTMC compo-
nents ofC, andCs for action typeua:

L L U U . L L . U U
M?%Q®Mg%a = (SﬁXSg,Pl,a®P2,a7P1,a®P2,a7 mln{ Tl,a77ﬂ2,a }71'I11n{ Tl,cuTQ,a }7L§XL3)

It therefore follows thatV(# = MY, @ MY,
Consider the case whenc L, and therefored = ®. We have:

Q.(C1) ©Qu(C2) = (S1 %X S2,Prg @ Pag,r1,4+ 724, L1 X Lo)
This induces the following ACTMC component:

M = AbsComp sz 0 (Qa(C1) © Qa(C2))
= (S% X Sg, (Pl,a @ PQ,(L)L7 (Pl,a ©® P2,a)U7 (Tl,a + TQ,G)Lv (Tl,a + TQ,G)U7 L’i X Lg)

But we have, for:

(r1,0 + r27a)L(s§, sg) = min r1,0(51) + 72,0(52)
51€7(sh),52€7(sh)

= min 714(s1)+ min g 4(s2)
s1€7(sh) s2€7(s3)

=rf o (s}) +1rd,(sh)

The same follows for the upper bound of the rate function, @adollow a similar
argument for the bounds of the probabilistic transitionnmas. Hence this is the same
as the composition of the ACTMC componentggfandC, for action typea:

M%aGBMg%a = (Sﬁ X SgaPll:a@PQI:(NPlu,va@P;{a’rﬂa+T§,a7r[1{a+rg,a7L§ X Lg)
_ #
HenceM! = M¥ o MY,

We have shown that the safety of the abstraction is presdoreagll action types
a € LU L, and so it follows that this also holds for the sum over aliactypes.



