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Abstract. Stochastic process algebras such as PEPA allow complex stochastic
models to be described in a compositional way, but this leads to state space ex-
plosion problems. To combat this, there has been a great deal of workin de-
veloping techniques for abstracting Markov chains. In particular, abstract — or
interval — Markov chains allow us to aggregate states in such a way as to safely
bound transient probabilities of the original Markov chain. Whilst we can apply
this technique directly to a PEPA model, it requires us to obtain the CTMC of the
model, whose state space may be too large to construct explicitly.
In this paper, we present a compositional application of abstract Markov chains to
PEPA, based on a Kronecker representation of the underlying CTMC. This can be
used to bound probabilistic reachability properties in the Continuous Stochastic
Logic (CSL), and we have implemented this as part of the PEPA plug-in for
Eclipse. We conclude with an example application — analysing the performance
of a wireless network — and use this to illustrate the impact of the choice of states
to aggregate on the precision of the bounds.

1 Introduction
Stochastic modelling is concerned with reasoning about systems with behaviour that
evolves over time in a probabilistic manner. It is often natural to describe such sys-
temscompositionally, which is why stochastic process algebras such as PEPA [7] are
widely employed. The problem with compositional formalisms, however, is that their
underlying mathematical model (a CTMC in the case of PEPA) might be exponentially
larger than its description. This, thestate space explosion problem, is one of the biggest
challenges in adapting analysis techniques to realistically sized models.

To combat this problem, various techniques have been proposed for abstracting
performance models. The basic idea is to find a smaller model that preserves certain
properties of the original. If our model is a Markov chain, one way to approach this is
to combine, oraggregatecertain states in the model — hence reducing its state space.
Unfortunately, we cannot do this in general and still end up with a Markov chain, but we
can instead introduce non-determinism into the model so that weboundthe probability
of a behaviour happening.
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As an example, say that we have a Markov chain that models a client-server system.
The original model might predict a probability of0.9 of the client receiving a response
from the server within one second of sending a request. Anabstractionof the model
might instead give us aninterval of probabilities — for instance,[0.8, 0.95]. Most im-
portantly, we want the abstraction to besafe, in that this interval contains the actual
probability of the behaviour. The topic of this paper is an approach calledabstract—
or interval— Markov chains[5,10], and how we can apply it to PEPA models.

If we want to use this technique to abstract a PEPA model, one way is to gener-
ate a CTMC using the semantics of PEPA, and then apply the abstraction to that. The
problem with this is that the state space of the model may be too large to explicitly con-
struct — hence we would be unable to construct the abstraction. The idea in this paper
is to instead construct the abstractioncompositionally. That is to say, we abstract each
component in a PEPA model individually, and compose these toobtain an abstraction
of the entire model. To do so, we use a Kronecker representation for PEPA [8].

The main contributions of this paper are as follows. Firstly, we present an alterna-
tive Kronecker representation to that of [8], which avoids the use of functional rates,
and prove that this preserves the semantics of PEPA. Secondly, we develop a composi-
tional method for constructing an abstract Markov chain from a PEPA model, and prove
that this is a safe abstraction. Finally, we present a small example that illustrates the im-
pact of the choice of states to aggregate on the precision of the bounds obtained. We
have implemented the work in this paper as part of the PEPA plug-in for Eclipse [16],
which provides a graphical interface for abstracting models, and a model checker for
the Continuous Stochastic Logic [2].

A summary of this paper is as follows. We begin in Section 2 by introducing the
basic concepts of Markov chains and lumpability, along withthe notion of an abstract
Markov chain, and the Continuous Stochastic Logic (CSL) forspecifying properties.
In Section 3 we introduce PEPA along with its Kronecker representation, before show-
ing how to compositionally construct abstract Markov chains from PEPA models in
Section 4. Finally, we demonstrate this technique on an example model in Section 5,
considering how different abstractions affect the precision of the model checking, be-
fore concluding with Section 6. For the proofs of the theorems in this paper, please see
http://lanther.co.uk/papers/EPEW10.pdf.

2 Markov Chains

Let us begin by formally defining a Markov chain.

Definition 1. A Discrete Time Markov Chain (DTMC)is a tuple(S,P ), and aCon-
tinuous Time Markov Chain (CTMC)is a tuple(S,P , r). S is a finite non-empty set of
states,P : S × S → [0, 1] is a stochastic matrix, andr : S → R≥0 is a function de-
scribing the rate of exit for each state. For a CTMC whenr(s) = 0 — i.e. no transitions
are possible from states — we setP (s, s) = 1, andP (s, s′) = 0 for all s′ 6= s.

The matrixP describes the probabilityP (s1, s2) of transitioning between two states
s1 ands2 of the Markov chain in a single time step. In a DTMC, the duration of this
time step is not specified, whereas for a CTMC it is determinedby a random variable
X(s), such thatPr(X(s) ≤ t) = 1− e−r(s)t when the state has an exit rate ofr(s).



Often, a CTMC is described in terms of its infinitesimal generator matrixQ, whose
elementsQ(i, j) (wherei 6= j) define the rate of transitioning between statesi andj —
with diagonal elements given byQ(i, i) = −

∑

j 6=i Q(i, j). This can be calculated
from the rate functionr and the probability transition matrixP as follows:

Q = r(P − I)

Here, we define the multiplication of a matrixM by a functionr as (rM)(i, j) =
r(i)M(i, j). The steady state of an ergodic CTMC with generator matrixQ is a row
vectorπ, such thatπe = 1 (wheree is a column vector of 1s) andπQ = 0.

If a CTMC has a non-zero exit rate for every state, then we obtain its embedded
DTMC by simply discarding these rates:

Definition 2. Theembedded DTMCof M = (S,P , r) is Embed(M) = (S,P ).

This, however, alters the behaviour of the Markov chain by throwing away the relative
timing information of its states. In particular, the steady-state solution of the embedded
DTMC will be different from that of the CTMC. We can avoid thisproblem by first
uniformisingthe CTMC.

Definition 3. Theuniformisationof a CTMCM = (S,P , r), with uniformisation rate
λ ≥ maxs∈Sr(s) is given byUnif λ(M) = (S,P , r), wherer(s) = λ for all s ∈ S,
and:

P (s, s′) = r(s)
λ

P (s, s′) if s 6= s′

P (s, s) = 1−
∑

s′ 6=s P (s, s′) otherwise

Essentially, uniformisation adjusts the CTMC by insertingself-loops, so that the exit
rate of every state is the same.

Consider a Markov chain with a state spaceS. The basic idea of state space abstrac-
tion is to reduceS to an abstract state spaceS], which should be smaller thanS. To
define an abstraction, we need a mapping between the concreteand abstract states:

Definition 4. An abstractionof a state spaceS is a pair (S], α), whereα : S → S]

is a surjective function that maps every concrete state to anabstract state. We define a
correspondingconcretisation function, γ : S] → P(S), asγ(s]) = { s | α(s) = s] }.

Aggregating a Markov chain according to an abstractionα means that we do not dis-
tinguish between states that map to the same abstract state.Therefore, to still have a
Markov chain, the rate of transition between two abstract states must be independent of
the particular concrete state we are in. This is calledordinary lumpability[13]:

Definition 5. Anordinary lumpingof a CTMCM = (S,P , r) is an abstraction(S], α)
such that for all statess, s′ ∈ S, if α(s) = α(s′) then for all statess] ∈ S]:

∑

t∈γ(s])

r(s)P (s, t) =
∑

t∈γ(s])

r(s′)P (s′, t)

An ordinary lumping(S], α) inducesa new CTMC, in that it completely defines the
transition rates between abstract states.



Fig. 1. Ordinary lumpability of a Markov chain

An example of a lumpable Markov chain is shown on the left of Figure 1, which
can be viewed as a uniformised CTMC withλ = 1. Solving this Markov chain, the
steady state probability of being in an abstract state (A or B) is equal to the sum of
the probabilities of being in each of its constituent states. In other words, solving the
aggregated CTMC is equivalent to aggregating the solution of the original CTMC.

2.1 Abstraction of Markov Chains

Unfortunately, it is often the case that a Markov chain we areinterested in is not
lumpable with respect to a particular abstraction. For example modifying the probabili-
ties slightly in our example, leads to the Markov chain on theright of Figure 1. We can
still construct an abstraction, however, if we label transitions with aninterval of prob-
abilities, or rates — this is called anabstract Markov chain. The notion of an abstract
DTMC was introduced in [5,10], and extended to continuous time in [12] by means of
uniformisation. The idea is closely related to Markov Decision Processes (MDPs) [14],
in that transitions have both a probabilistic and a non-deterministic component.

An abstract CTMC (ACTMC) is defined as follows (as per [12]):

Definition 6. AnACTMC is a tuple(S],PL,PU , λ, L), whereS] is a finite non-empty
set of states, andPL,PU : S] × S] → [0, 1] are sub-stochastic and super-stochastic
matrices respectively, such that for all statess, s′ ∈ S],PL(s, s′) ≤ PU (s, s′). λ is the
uniformisation constant, denoting the exit rate for every state, and we have a labelling
functionL : S] ×AP → { tt, ff, ? }.

Note that the labelling function contains a third truth assignment, ‘?’, which signifies
uncertainty (some of the concrete states satisfy the property, but some do not). The
truth assignments naturally form a partial order relating to the information they provide:
ff @? andtt @?, and¬? =?.

This definition of an ACTMC induces a natural partial order.

Definition 7. If M]
1 = (S]

1,P
L
1 ,PU

1 , λ1, L1) andM]
2 = (S]

2,P
L
2 ,PU

2 , λ2, L2), then
we say thatM]

1 ≤ M]
2 if:

1. S]
1 = S]

2, λ1 = λ2 andL1 = L2.

2. For all s, s′ ∈ S]
1, PL

2 (s, s′) ≤ PL
1 (s, s′) ≤ PU

1 (s, s′) ≤ PU
2 (s, s′)



Intuitively, M]
2 is an over-approximation ofM]

1, since a greater range of transition
probabilities are possible.

If we have a uniform CTMCM and an abstraction(S], α), then we can uniquely
define an ACTMC (the closest abstraction) as follows:

Definition 8. The ACTMCM] = Abs(S],α)(M) induced by an abstraction(S], α)
on a uniform CTMCM = (S,P , r, L) is defined as follows. SinceM is uniformised,
there is a constantλ such thatr(s) = λ for all s ∈ S:

Abs(S],α)(M) = (S],PL,PU , λ, L])

where:

PL(s]1, s
]
2) = min

s1∈γ(s]
1
)

∑

s2∈γ(s]
2
)

P (s1, s2) PU (s]1, s
]
2) = max

s1∈γ(s]
1
)

∑

s2∈γ(s]
2
)

P (s1, s2)

L](s], a) =







tt if ∀s ∈ γ(s]). L(s, a) = tt

ff if ∀s ∈ γ(s]). L(s, a) = ff

? otherwise

2.2 Continuous Stochastic Logic (CSL)

To describe properties of a Markov chain, it is useful to havea logic for expressing
them. Continuous Stochastic Logic (CSL) [2] is a branching-time temporal logic that
is widely used for reasoning about CTMCs. In particular, it allows us to talk about the
probability of a state satisfying some temporal property, and thetime intervalin which
the property must hold.

Formulae in CSL are classified intostate formulaeΦ, andpath formulaeϕ. The
former are properties of individual states in the CTMC — for example, that the state
corresponds to an error. The latter are properties that holdof paths (sequences of states)
through the CTMC — for example, that no errors occur before wereach a goal state.

The syntax of CSL is as follows, forE ∈ {≤,≥}, a ∈ AP andp ∈ [0, 1], and
whereI is a non-empty interval overR≥0 ∪ {∞}:

Φ ::= tt | a | Φ ∧ Φ | ¬Φ | SEp(Φ) | PEp(ϕ)
ϕ ::= XIΦ | ΦUIΦ

Aside from atomic propositionsa ∈ AP and the standard logical connectives, there are
three types of property we can express in CSL:

– A steady state property— SEp(Φ) is satisfied if the steady state probability of
being in the set of states satisfyingΦ is E p.

– A timed next property— PEp
(XIΦ) is satisfied of a states if the probability that

we leave the state at timet ∈ I, and the next state satisfiesΦ, isE p.
– A timed until property— PEp

(Φ1 U
IΦ2) is satisfied of a states if the probability

that we reach a state that satisfiesΦ2 at a timet ∈ I, and we only pass through
states that satisfyΦ1 along the way, isE p.

In the model checker PRISM [9], we can also writequantitative properties: S=?(Φ) and
P=?(ϕ). These allow us to calculate, rather than just compare, probabilities.



The focus in this paper will be on bounding the probability oftimed until proper-
ties. As an example of such a property, considerP≥0.9(¬Error U [0,10] Completed),
whereAP = {Error ,Completed }. This is satisfied by all states from which there is a
probability of at least0.9 of reaching a ‘Completed ’ state within 10 time units, without
encountering any ‘Error ’ states before then. In [12], a three-valued semantics of CSL
is given, along with a model checking algorithm for timed until properties.

3 The Performance Evaluation Process Algebra
So far we have looked only at bounding Markov chains, but the aim of this paper is
to present a compositional approach to bounding stochasticprocess algebra models. To
this end, let us introduce the Performance Evaluation Process Algebra (PEPA) [7] — a
compositional formalism with CTMC semantics. In PEPA, asystemis a set of concur-
rentcomponents, which are capable of performingactivities. An activity a ∈ Act is a
pair(a, r), wherea ∈ A is its action type, andr ∈ R≥0∪{>} is the rate of the activity.
This rate parameterises an exponential distribution, and if unspecified (denoted>), the
activity is said to bepassive. In this case, another component is needed to actively drive
the rate of this action. PEPA terms have the following syntax:

CS := (a, r).CS | CS + CS | A
CM := CS | CM BC

L
CM | CM/L

(1)

We call a termCS a sequential component, and a termCM a model component. To
define a PEPA model, we need to identify a particular model component that describes
its initial configuration, which we call thesystem equation. The meaning of each com-
binator is as follows:

– Prefix ((a, r).C): the component can carry out an activity of typea at rater to
become the componentC.

– Choice(C1 + C2): the system may behave either as componentC1 or C2. The
current activities of both components are enabled, and the first activity to complete
determines which component proceeds. The other component is discarded.

– Cooperation(C1 BC
L

C2): the componentsC1 andC2 synchronise over the coop-
eration setL. For activities whose type is not inL, the two components proceed
independently. Otherwise, they must perform the activity together, at the rate of the
slowest component.

– Hiding (C/L): the component behaves asC, except that activities whose type is in
L are hidden, and appear externally as the unknown typeτ .

– Constant(A
def
= C): componentC has the nameA.

The operational semantics of PEPA defines a labelled multi-transition system, which
induces aderivation graphfor a given component. Since the duration of a transition in
this graph is given by an exponentially distributed random variable, this corresponds to
a CTMC. An example PEPA model with two components is shown in Figure 2.

To apply a compositional abstraction to a PEPA model, we needto consider the
structure of its underlying CTMC. It was shown in [8] how the generator matrix of
this Markov chain can be represented in a compositional,Kroneckerform. Here, we



C1
def
= (a, ra).C2 + (b, rb).C3

C2
def
= (τ, r2).C1 + (τ, r2).C3

C3
def
= (τ, r3).C2 + (τ, r3).C1

D1
def
= (a, rD).D2

D2
def
= (b, rD).D1

C1 BC
{ a,b }

D1

Fig. 2.An example PEPA model and its graphical representation

develop a slight variation to avoid the need for functional rates. If we consider the
system equation of a PEPA model, it has the following form:

C1 BC
L1

· · · BC
LN−1

CN (2)

We can ignore the hiding operatorC/L without loss of generality, since we can always
rename action types to avoid name conflicts between components.

The semantics of PEPA allows us to induce a CTMC from the system equation of
a PEPA model. If we look at afragmentof the system equation, we can also induce a
CTMC following the PEPA semantics — but only if the fragment cannot perform any
passive activities. In order to describe the behaviour of a fragment thatcan perform
passive activities, we will generalise the notion of a generator matrix. In particular, if
we consider a sequential componentCi, having a state spaceSi = ds(Ci), we can write
a ‘partial’ generator matrix for the component as follows:

Qi =
∑

a∈Act(Ci)

Qi,a =
∑

a∈Act(Ci)

ri,a
(

Pi,a − I|Si|

)

(3)

Here, eachQi,a is an|Si| × |Si| matrix that describes the behaviour ofCi due to activ-
ities of typea. Importantly, the elements ofQi,a come from the setR∪ (R×{>}) —
i.e. they correspond to either an active rate (inR), or a passive rate (inR × {>}). We
define addition and multiplication over these elements as follows, for r, s ∈ R:

+ s (s,>)
r r + s r

(r,>) s (r + s,>)

× s (s,>)
r rs (rs,>)

(r,>) (rs,>) (rs,>)

We further decompose eachQi,a into a rate functionri,a and a probability transition
matrixPi,a — ri,a : Si → R≥0∪{>} gives the rate of action typea for each state inSi,
Pi,a gives the next-state transition probabilities conditional on performing an activity
of typea, andI|Si| is the|Si| × |Si| identity matrix. If, for a states, ri,a(s) = 0, we
write Pi,a(s, s) = 1 andPi,a(s, s

′) = 0 for s′ 6= s. Since the rate is zero, we could
effectively have chosen any values for this row, but this choice encodes the fact that we
remain in the same state.

To build a compositional representation of the generator matrix Q of an arbitrary
PEPA model, whose system equation is structured as in Equation 2, we need to com-
bine the individual generator matricesQi,a in an appropriate way. More precisely, the



compositional representation ofQ has to describe the same CTMC as induced by the
semantics of the PEPA model. Because cooperation between two PEPA components
uses theminimumof two rates, we need to be especially careful that this leadsto the
correct apparent rate for each state and action type.

To do this, a Kronecker representation for PEPA was developed in [8], using func-
tional rates. We take a slightly different approach here, inthat we ensure that functional
rates depend only on the state of a single component, at the expense of having more
complicated combinators for combining theQi,a matrices. This leads to a represen-
tation that is a little less elegant mathematically, but which enables us to more easily
establish and prove the results in this paper. To describe the generator matrix termQi,a

for activities of typea in a componentCi, we will use the shorthand(ri,a,Pi,a), which
is defined as follows:

(ri,a,Pi,a) = ri,a
(

Pi,a − I|Si|

)

= Qi,a

whereSi is the state space ofCi.
Recall thatri,a is an apparent rate function (depending only on the state ofCi)

andPi,a is a probabilistic transition matrix, as in Equation 3. If a componentCi cannot
perform any activities of action typea, we define its generator matrix term to beQi,a =
(r⊥, I|Si|), wherer⊥(s) = 0 for all s ∈ Si.

Using this notation, we can now introduce two Kronecker operators,� and �,
which correspond to cooperating and independent activities. If two componentsC1 and
C2 cooperate over an action typea, we will use the operator�, which is defined as:

(r1,a,P1,a) � (r2,a,P2,a) = (min{ r1,a, r2,a },P1,a ⊗ P2,a) (4)

wheremin{ r1,a, r2,a }(s1, s2) = min{ r1,a(s1), r2,a(s2) } for all s1 ∈ S1 ands2 ∈
S2. The operator⊗ denotes the Kronecker product of two matrices.

If, on the other hand,C1 andC2 independently perform activities of typea, we will
use the operator�, which we define in terms of�:

(r1,a,P1,a)� (r2,a,P2,a) = (r1,a,P1,a)� (r>, I|S2|)+(r>, I|S1|)� (r2,a,P2,a) (5)

wherer>(s) = > for all s. This is intuitively the Kronecker sum defined over our(r,P )
notation. Here, the+ operator is normal matrix addition at the level of the generator ma-
trices, but to continue to use our(r,P ) representation we will define it compositionally:

Theorem 1. Consider two generator matricesQ1 = (r1,P1) and Q2 = (r2,P2),
corresponding to the same state spaceS — Q1 andQ2 are both|S| × |S| matrices.
ThenQ1 +Q2 can be written as follows:

Q1 +Q2 = (r1,P1) + (r2,P2) =

(

r1 + r2,
r1

r1 + r2
P1 +

r2
r1 + r2

P2

)

where(r1 + r2)(s) = r1(s) + r2(s), and ri
r1+r2

(s) = ri(s)
r1(s)+r2(s)

, i ∈ { 1, 2 }, for all
s ∈ S.



The coefficients ofP1 andP2 describe the relative probability of taking a transition
corresponding toQ1 orQ2. Note that they are functions, in that each row of the matrix
is multiplied by a different value — this is because the relative apparent rate can differ
between states.

For both of our Kronecker operators,� and�, the resulting generator matrix term
is for the componentC1 BC

L
C2, and has a state space ofS1 × S2. This Cartesian state

space does not in general correspond to the derivative setds(C1 BC
L

C2), since it may
contain unreachable states. In practice, however, we neverexpand out the Kronecker
form directly, in the sense of performing the tensor multiplications — after using the
tensor representation to perform the abstraction, we generate only itsreachablestate
space for the purposes of model checking.

We can now define our Kronecker representation for PEPA models, using the� and
� operators.

Definition 9. Given a PEPA modelC = C1 BC
L1

· · · BC
LN−1

CN , its Kronecker form

Q(C) is defined as follows:

Q(C1 BC
L1

· · · BC
LN−1

CN ) =
∑

a∈Act(C)

Qa(C1 BC
L1

· · · BC
LN−1

CN )

whereAct(C) is the set of all action types that occur inC (both synchronised and
independent), andQa is defined inductively as follows:

Qa(Ci) = (ri,a,Pi,a) if Ci is a sequential component

Qa(Ci BC
L

Cj) =

{

Qa(Ci) � Qa(Cj)
Qa(Ci) � Qa(Cj)

if a ∈ L
if a 6∈ L

The following theorem establishes the correctness of our Kronecker representation, in
that it defines an equivalent CTMC to that induced by the PEPA semantics:

Theorem 2. For all well-formed1 PEPA modelsC, the CTMC induced by the semantics
of PEPA and the CTMC described by the generator matrixQ(C), projected onto the
derivative setds(C) (the reachable state space ofC), are isomorphic.

As an example of how the Kronecker form is applied, let us takethe PEPA model
from Figure 2. Here, there are two sequential components (C1 andD1) and three action
types — we cooperate overa andb, but τ is performed independently. Applying our
Kronecker form, we arrive at the following structure forQ(C1 BC

{ a,b }
D1):

Q(C1 BC
{ a,b }

D1) = Qτ (C1) � Qτ (D1)

+ Qa(C1) � Qa(D1)
+ Qb(C1) � Qb(D1)

1 A well-formed PEPA model is one in which cooperation occurs only at the level of the sys-
tem equation. If a model has a single system equation, the PEPA syntax given in Equation 1
implicitly guarantees that it is well-formed.



If we had an additional copy of componentD, such that the system equation was
C1 BC

{ a,b }
(D1 ‖ D1), thenQ(C1 BC

{ a,b }
(D1 ‖ D1)) would be written as:

Q(C1 BC
{ a,b }

(D1 ‖ D1)) = Qτ (C1) � (Qτ (D1) � Qτ (D1))

+ Qa(C1) � (Qa(D1) � Qa(D1))
+ Qb(C1) � (Qb(D1) � Qb(D1))

Returning to our model with just two components, let us consider the internal ac-
tion typeτ of componentC. We can write the corresponding generator matrix term,
Qτ (C1) = (rC,τ ,PC,τ ) as follows:

Qτ (C1) =









0
2r2
2r3



 ,





1 0 0
1
2 0 1

2
1
2

1
2 0







 =





0
2r2
2r3













1 0 0
1
2 0 1

2
1
2

1
2 0



−





1 0 0
0 1 0
0 0 1









Although it has been written as a vector in the above, it is important to remember that the
rate function is afunction, and is interpreted as multiplying each row of the probability
transition matrix by the corresponding rate. The generatormatrix for the entire model
can be written in its Kronecker form as follows, where we expand out the� and�

operators to show the tensor products⊗:

Q = min











0
2r2
2r3



 ,

[

>
>

]















1 0 0
1
2 0 1

2
1
2

1
2 0



⊗

[

1 0
0 1

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





+ min











>
>
>



 ,

[

0
0

]















1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





+ min











ra
0
0



 ,

[

rD
0

]















0 1 0
0 1 0
0 0 1



⊗

[

0 1
0 1

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





+ min











rb
0
0



 ,

[

0
rD

]















0 0 1
0 1 0
0 0 1



⊗

[

1 0
1 0

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





(6)

Note that the second term in the above evaluates to zero, because theD component does
not perform any internalτ activities.

4 Compositional Abstraction of PEPA Models
To model check transient CSL properties, excluding the timed next operator, we will
show in this section how to compositionally construct an ACTMC from the Kronecker
representation of a PEPA model. We will begin by defining anACTMC component, in
which we bound the probability transition matrix and the rate function separately.

Definition 10. AnACTMC componentis a tuple(S],PL,PU , rL, rU , L]), whereS],
PL, PU andL] are defined as per an ACTMC, and the rate functionsrL, rU : S] →
R≥0 satisfyrL(s) ≤ rU (s) for all s ∈ S].



An ACTMC component induces an ACTMC as follows:

Definition 11. Let M]] = (S],PL
a ,PU

a , rLa , r
U
a , L

]) be an ACTMC component. We
can define an ACTMC with unformisation constantλ ≥ maxs∈S] rU (s) as:

ACTMC λ(M
]]) = (S],PL,PU , λ, L])

wherePL andPU are defined as follows:

PL(s, s′) =















rLa (s)

λ
PL

a (s, s′) if s 6= s′

rLa (s)

λ
PL

a (s, s) +

(

1−
rUa (s)

λ

)

otherwise

PU (s, s′) =















rUa (s)

λ
PU

a (s, s′) if s 6= s′

rUa (s)

λ
PU

a (s, s) +

(

1−
rLa (s)

λ

)

otherwise

The intuition here is that we add the diagonal elements to account for the term1− ra
λ
I

that appears in the uniformised probabilistic transition matrix:

P =
1

λ
Q+ I =

1

λ
ra(Pa − I) + I

Since we only have upper and lower bounds for the ratesra, we need to choose the most
conservative values to ensure that the bound is correct. This comes at a loss of precision,
but this is necessary if we are to combine the ACTMC components and still end up with
a safe ACTMC — with respect to the ACTMC obtained from the Markov chain of the
PEPA model. In this context, an abstract CTMCM]

2 is a safe approximation ofM]
1 if

M]
1 ≤ M]

2, as per Definition 7.
Given a sequential PEPA componentCi with state spaceSi, we can define a CTMC

Mi,a = (Si,Pi,a, ri,a, Li) describing the behaviour of the component with respect
to action typea. This will not necessarily be ergodic, since some states ofCi might
not perform an action of typea. The componentQi,a corresponding toMi,a in the
Kronecker representation of the PEPA model is defined asQi,a = ri,a(Pi,a−I). From
the CTMCMi,a, given an abstraction(S], α), we can derive an ACTMC component:

Definition 12. The ACTMC component induced by an abstraction(S], α) on a CTMC
M = (S,P , r, L) is defined as:

AbsComp(S],α)(M) = (S],PL,PU , rL, rU , L])

where:

PL(s]1, s
]
2) = min

s1∈γ(s]
1
)

∑

s2∈γ(s]
2
)

P (s1, s2) rL(s]) = min
s∈γ(s])

r(s)

PU (s]1, s
]
2) = max

s1∈γ(s]
1
)

∑

s2∈γ(s]
2
)

P (s1, s2) rU (s]) = max
s∈γ(s])

r(s)

L](s], a) =







tt if ∀s ∈ γ(s]). L(s, a) = tt

ff if ∀s ∈ γ(s]). L(s, a) = ff

? otherwise



Fig. 3. Safety property of Abstract CTMC Components (Theorem 4)

Theorem 3. Consider a CTMCM = (S,P , r, L). For any uniformisation constant
λ ≥ maxs∈S r(s), and any abstraction(S], α) onM, the following holds:

Abs(S],α) (Unif λ(M)) ≤ ACTMC λ

(

AbsComp(S],α)(M)
)

This theorem states that ACTMC componentssafely approximateACTMCs. In other
words, an ACTMC component gives an over-approximation of the probability transition
intervals, compared to directly generating an ACTMC.

Consider two ACTMC components,M]]
1,a = (S]

1,P
L
1,a,P

U
1,a, r

L
1,a, r

U
1,a, L

]
1) and

M]]
2,a = (S]

2,P
L
2,a,P

U
2,a, r

L
2,a, r

U
2,a, L

]
2). We can construct a new ACTMC component,

corresponding to the two components cooperating over action typea as follows:

M]]
1,a � M]]

2,a =
(

S]
1 × S]

2,P
L
1,a ⊗ PL

2,a,P
U
1,a ⊗ PU

2,a,min{ rL1,a, r
L
2,a },min{ rU1,a, r

U
2,a }, L

]
1 × L]

2

)

where the new labelling function isL]
1 × L]

2((s1, s2), a) = L]
1(s1, a) ∧ L]

2(s2, a). The
minimum operators in the above come from the semantics of cooperation in PEPA, so
they apply to both the upper and lower bounds for the rates. Ifthe two components
do not cooperate over the action typea (i.e. they perform activities of typea indepen-
dently), then the new ACTMC component will instead be:

M]]
1,a �M]]

2,a =
(

S]
1×S]

2,P
L
1,a⊕PL

2,a,P
U
1,a⊕PU

2,a, r
L
1,a+rL2,a, r

U
1,a+rU2,a, L

]
1×L]

2

)

where(rB1,a + rB2,a)(s1, s2) = rB1,a(s1) + rB2,a(s2) for B ∈ {L,U }.
We can now present the main theorem of this section — that the ACTMC we obtain

by composing the ACTMC components of a PEPA model is a safe approximation of the
ACTMC obtained directly from the CTMC of the model. This is illustrated in Figure 3.



Theorem 4. Consider two PEPA componentsC1 andC2, with abstractions(S]
1, α1)

and(S]
2, α2) respectively. LetM]]

i,a = AbsComp(S]
i ,αi)

(Qa(Ci)) for i ∈ { 1, 2 }. Then

for all λ such thatUnif λ(C1 BC
L

C2) is defined, the following holds:

Abs(S],α)

(

Unif λ

(

Q
(

C1 BC
L

C2

)))

≤

ACTMC λ





∑

a∈L

M]]
1,a � M]]

2,a +
∑

a∈L

M]]
1,a � M]]

2,a





whereS] = S]
1×S]

2,α(s1, s2) = (α1(s1), α2(s2)) andL = (Act(C1)∪Act(C2))\L.

Since this method produces an over-approximation to the non-compositionally de-
rived ACTMC, we can directly apply the model checking algorithm described in [3,
12] — this allows us to check transient three-valued CSL properties. In particular, given
a CSL state propertyΦ, we can determine the set of states that definitely satisfyΦ (the
model checker returnstt), and those that definitely do not (it returnsff).

Let us return once more to the PEPA model from Figure 2, and construct an ACTMC
for the case when we aggregate statesC2 andC3. The Kronecker form of the generator
matrixQ of the model is as follows (the same as Equation 6, but withoutthe term that
evaluates to zero). To make the example concrete, we set the rates such thatra = r2 =
rD = 1 andrb = r3 = 2:

Q = min











0
2
4



 ,

[

>
>

]















1 0 0
1
2 0 1

2
1
2

1
2 0



⊗

[

1 0
0 1

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





+ min











1
0
0



 ,

[

1
0

]















0 1 0
0 1 0
0 0 1



⊗

[

0 1
0 1

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





+ min











2
0
0



 ,

[

0
1

]















0 0 1
0 1 0
0 0 1



⊗

[

1 0
1 0

]

−





1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]





The compositional ACTMC now has the following form, where wesave space by writ-
ing intervals for the elements of the matrices, rather than intervals on the matrices:

Q] = min

{[

0
[2, 4]

]

,

[

>
>

]}([

1 0
1
2

1
2

]

⊗

[

1 0
0 1

]

−

[

1 0
0 1

]

⊗

[

1 0
0 1

])

+ min

{[

1
0

]

,

[

1
0

]}([

0 1
0 1

]

⊗

[

0 1
0 1

]

−

[

1 0
0 1

]

⊗

[

1 0
0 1

])

+ min

{[

2
0

]

,

[

0
1

]}([

0 1
0 1

]

⊗

[

1 0
1 0

]

−

[

1 0
0 1

]

⊗

[

1 0
0 1

])

We can multiply this out to arrive at the following ACTMC (where the uniformisation
constantλ = 4). For clarity, we have labelled the state that each row of thematrix



corresponds to:

Q] =

(C1D1)
(C1D2)

(C{ 2,3 }D1)
(C{ 2,3 }D2)

4

















3
4 0 0 1

4
0 1

2 0 1
2

[ 14 ,
1
2 ] 0 [ 12 ,

3
4 ] 0

0 [ 14 ,
1
2 ] 0 [ 12 ,

3
4 ]









−









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

















We are now in a position to model check transient CSL/X properties of this ACTMC,
and compare them to the original PEPA model. As an example, consider the property
P=?(C1 U [0,1] C{ 2,3 }), which asks the question “what is the probability that within
the first time unit, we will remain in stateC1 before moving to stateC2 or C3?” Since
there are only two states in the abstractedC component, this is equivalent to asking
whether we will leave stateC1 within the first time unit. Model checking the original
model gives an answer of0.6321, and in this case the ACTMC gives a precise answer
of [0.6321, 0.6321].

In this case, the abstraction is a success because it gives a very tight bound on the
property. Of course, in general we cannot expect to always obtain tight bounds, and
the choice of abstraction has a large impact on the precision. The purpose of this small
example was to demonstrate how our abstraction is applied — we will look at a more
interesting example in the next section, to illustrate thistechnique in practice.

5 An Example
To demonstrate the applicability of our technique, and how important the choice of ab-
straction is in obtaining precise bounds, we will consider asmall example: The CEO
of a large company often enjoys walking around the grounds oftheir corporate head-
quarters, whilst thinking up new marketing strategies. Yetas she strolls around, she still
expects to receive emails from her secretary, courtesy of modern technology. A num-
ber of wireless access points are located in the grounds, butthe signal strength varies
from place to place. If an email with an urgent report must be downloaded as 9 separate
packets, what is the probability that the CEO can expect to wait a certain length of time
before receiving it?

Li,j =
∑

(i′,j′)∈C(i,j)

(move,>).Li′,j′ + (download , rD(i, j)).Li,j

CEOW = (move, rwalk ).CEOW + (τ, rstop).CEOT

CEOT = (τ, rthink ).CEOT + (τ, rstart).CEOW

Devicei = (download , rDmax ).Device(i+1)mod10

rD =













10 5 2 1 1
5 5 2 2 1
2 2 5 5 5
1 2 5 10 5
1 1 5 5 5













CEOW BC
{move}

L0,0 BC
{ download }

Device0

Fig. 4.A PEPA model of a wireless network

Figure 4 shows a PEPA model of such a scenario. We consider a5× 5 grid of loca-
tionsLi,j , such that0 ≤ i, j < 5 and we defineC(i, j) to be the set of locations(i′, j′)



Aggregated States State Space SizeP=?(ttU
[0,1]Finished) P=?(ttU

[0,3]Finished)

None 500 [0.07847, 0.07847] [0.74781, 0.74781]
i, j ≥ 4 340 [0.07774, 0.08136] [0.61874, 0.86546]
i, j ≥ 3 200 [0.07556, 0.10893] [0.49380, 0.96653]

RowsLi,∗ 100 [0.00001, 0.18848] [0.00001, 0.99185]
ColumnsL∗,j 100 [0.00001, 0.18848] [0.00001, 0.99185]

Corners, Edges, Middle 60 [0.00001, 0.18848] [0.02230, 0.99692]
All i, j 20 [0.00000, 0.27091] [0.00380, 0.99890]

Table 1.Analysis of the PEPA model in Figure 4

adjacent to(i, j) — as an example,C(0, 3) = { (1, 3), (0, 2), (0, 4) }. rD(i, j) gives the
rate of download at each location, and a particular configuration is shown to the right
of the figure — with wireless access points at locations(0, 0) and(3, 3). The CEO is
modelled by a component with two states —CEOW corresponds to her walking, and
CEOT corresponds to her stopping and thinking. The mobile devicecycles through
statesDevicei for 0 ≤ i < 10, recording how many packets have been downloaded.

Table 1 shows some analysis results for this model2, where the atomic proposition
Finished corresponds to the device being in stateDevice9. We analyse two properties,
corresponding to the probability of completing the download within 1 minute and 3
minutes respectively. Given different abstractions of theLi,j component, it is clear that
some result in much tighter bounds than others. Even the coarsest abstraction yields
someuseful information, however the tightest bounds in this case are when we aggre-
gate the locations furthest fromL0,0 — we are less likely to reach these states within
the specified time interval.

Although the state space reductions are relatively small inthis example, remember
that we are abstracting just one component in a small model. The major impact of our
abstraction, in terms of state space reduction, is for models with many components in
parallel, where we can abstract multiple components.

6 Conclusions

Abstract Markov chains are a powerful technique for reducing the size of a Markov
chain, and allow us to obtain bounds on transient propertiessuch as probabilistic reach-
ability. We have applied this compositionally to PEPA models, allowing us to bound
models where the underlying state space is too large to represent. We proved that the
compositional abstraction yields a safe over-approximation of the non-compositional
abstraction, and we demonstrated our technique with a smallexample.

Recently, abstract Markov chains have also been applied compositionally to In-
terval Markov Chains (IMC) in [11], through the use of modal transitions. In addi-
tion, there are many other techniques for abstracting Markov chains that we did not
mention — for example, disaggregation/aggregation [15], quasi-lumpability [4], and
stochastic bounds [6]. The main challenge, however, is in finding techniques that can
be applied to as broad a class of model as possible.

2 We takerwalk = rstop = rstart = 10, rthink = 1, andrDmax = 7.



Whilst we have demonstrated the utility of compositional abstraction of PEPA mod-
els, there remain many interesting future research directions. One direction of particular
interest is in algorithms for long-run averages over abstract Markov chains [1], which
would allow the same abstractions to be used for CSL steady state formulae as for path
formulae. In summary, abstract Markov chains are a useful technique for stochastic pro-
cess algebra modellers to have at their disposal, and by bringing this to PEPA, we feel
that we have broadened its practical applicability.
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Theorem 1
Consider two generator matricesQ1 = (r1,P1) andQ2 = (r2,P2), corresponding to
the same state spaceS (Q1 andQ2 are both|S| × |S| matrices). ThenQ1 +Q2 can
be written as follows:

Q1 +Q2 = (r1,P1) + (r2,P2) =

(

r1 + r2,
r1

r1 + r2
P1 +

r2
r1 + r2

P2

)

where(r1 + r2)(s) = r1(s) + r2(s), and ri
r1+r2

(s) = ri(s)
r1(s)+r2(s)

, i ∈ { 1, 2 }, for all
s ∈ S.

Proof. The proof is as follows. For an entrys, s′, whens 6= s′, in Q1 +Q2, we have:

(Q1 +Q2)(s, s
′) = ((r1,P1) + (r2,P2))(s, s

′)
= (r1,P1)(s, s

′) + (r2,P2)(s, s
′)

= r1(s)P1(s, s
′) + r2(s)P2(s, s

′)

= (r1(s) + r2(s))
(

r1(s)
r1(s)+r2(s)

P1(s, s
′) + r2(s)

r1(s)+r2(s)
P2(s, s

′)
)

=
(

r1 + r2,
r1

r1+r2
P1 +

r2
r1+r2

P2

)

(s, s′)

Whens = s′, we similarly have:

(Q1 +Q2)(s, s) = ((r1,P1) + (r2,P2))(s, s)
= (r1,P1)(s, s) + (r2,P2)(s, s)
= r1(s)(P1(s, s)− 1) + r2(s)(P2(s, s)− 1)

= (r1(s) + r2(s))
(

r1(s)
r1(s)+r2(s)

P1(s, s) +
r2(s)

r1(s)+r2(s)
P2(s, s)− 1

)

=
(

r1 + r2,
r1

r1+r2
P1 +

r2
r1+r2

P2

)

(s, s)

Theorem 2
For all well-formed PEPA modelsC, the CTMC induced by the semantics of PEPA and
the CTMC described by the generator matrixQ(C), projected onto the derivative set
ds(C) (the reachable state space ofC), are isomorphic.

Proof. Since, in a PEPA model, the transitions of each action type are independent from
one another, we can consider them separately. We therefore need to prove that for each
action type, the transition rates induced by the Kronecker form are identical to those
induced by the PEPA semantics, as given in [7].

We proceed by induction on the structure of the system equation. In the base case,
for a sequential componentCi, Qa(Ci) = (ri,a,Pi,a) corresponds, by Definition 9,
precisely to those activities of typea thatCi can perform. In other words, fors, s′ ∈ Si,
ri,a(s) is the apparent rate of action typea in states, andPi,a(s, s

′) is the relative
probability of moving to states′, if we perform ana activity in states.

For the inductive case, we make the hypothesis that there is atransitionC1
(a,r)
−−−→ C2

induced by the PEPA semantics of a componentC — whereC may be a composition
of sequential components, andC1, C2 ∈ ds(C) — if and only if Qa(C)(C1, C2) =



ra(C1)Pa(C1, C2) = r. We can ignore the case whenC1 = C2 as self loops cancel out
in the generator matrix.

Assume that there is an additional componentC ′ such thatC ′
1

(a,r′)
−−−→ C ′

2 iff it is the
case thatQa(C

′)(C ′
1, C

′
2) = r′, as above. We will prove that for all sets of action types

L, C BC
L

C ′ induces a transitionC1 BC
L

C ′
1

(a,R)
−−−→ C2 BC

L
C ′

2 iff:

Qa(C BC
L

C ′)(C1 BC
L

C ′
1, C2 BC

L
C ′

2) = R

Consider the casea ∈ L. Then:

Qa(C BC
L

C ′)(C1 BC
L

C ′
1, C2 BC

L
C ′

2)

= (Qa(C) � Qa(C
′))(C1 BC

L
C ′

1, C2 BC
L

C ′
2)

= ((ra,Pa) � (r′a,P
′
a))(C1 BC

L
C ′

1, C2 BC
L

C ′
2)

= (min{ ra, r
′
a },Pa ⊗ P ′

a)(C1 BC
L

C ′
1, C2 BC

L
C ′

2)

= min{ ra(C1), r
′
a(C

′
1) }(Pa(C1, C2)× P ′

a(C
′
1, C

′
2))

= min{ ra(C1), r
′
a(C

′
1) }

r
ra(C1)

r′

r′a(C
′
1
)

where the final step follows from the induction hypothesis. This is equal by definition
to the PEPA semantics of cooperation for action typesa ∈ L, hence gives the rateR of

the transitionC1 BC
L

C ′
1

(a,R)
−−−→ C2 BC

L
C ′

2 induced by the PEPA semantics.
Consider the casea 6∈ L. Then:

Qa(C BC
L

C ′)(C1 BC
L

C ′
1, C2 BC

L
C ′

2)

= (Qa(C) � Qa(C
′))(C1 BC

L
C ′

1, C2 BC
L

C ′
2)

= ((ra,Pa) � (r′a,P
′
a))(C1 BC

L
C ′

1, C2 BC
L

C ′
2)

= ((ra,Pa) � (r>, I) + (r>, I) � (r′a,P
′
a))(C1 BC

L
C ′

1, C2 BC
L

C ′
2)

= min{ ra,>}(C1, C
′
1)Pa(C1, C2)I(C

′
1, C

′
2) + min{>, r′a }(C1, C

′
1)I(C1, C2)P

′
a(C

′
1, C

′
2)

= ra(C1)Pa(C1, C2)I(C
′
1, C

′
2) + r′a(C

′
1)I(C1, C2)P

′
a(C

′
1, C

′
2)

=







ra(C1)Pa(C1, C2) if C ′
2 = C ′

1

r′a(C
′
1)P

′
a(C

′
1, C

′
2) if C2 = C1

0 otherwise

=







r if C ′
2 = C ′

1

r′ if C2 = C1

0 otherwise

where the final step follows from the induction hypothesis. This corresponds to the
PEPA semantics of cooperation for action typesa 6∈ L, where the activities of the two

components take place independently. In other words,C1 BC
L

C ′
1

(a,r)
−−−→ C2 BC

L
C ′

1 if

C1
(a,r)
−−−→ C2 in componentC, andC1 BC

L
C ′

1

(a,r′)
−−−→ C1 BC

L
C ′

2 if C ′
1

(a,r′)
−−−→ C ′

2 in C ′.

Theorem 3
Consider a CTMCM = (S,P , r, L). For any uniformisation constantλ ≥ maxs∈S r(s),
and any abstraction(S], α) onM, the following holds:

Abs(S],α) (Unif λ(M)) ≤ ACTMC λ

(

AbsComp(S],α)(M)
)



Proof. Consider a CTMCM = (S,P , r, L), which is not necessarily uniform. Let us
define its uniformisation with respect toλ as:

M = Unif λ(M) = (S,P , r, L)

whereP is the uniformised probability transition matrix (see Definition 3). SinceM
is a uniformised CTMC, we can define its abstractionM] with respect to(S], α) as
follows:

M] = Abs(S],α)(M) = (S],PL,PU , λ, L])

wherePL andPU give the lower and upper bounds for the uniformised transition
probabilities, andL] is the abstract labelling function (see Definition 8).

Considering the ACTMC component, let us define:

M]] = AbsComp(S],α)(M) = (S],PL
C ,PU

C , rLC , r
U
C , L

])

wherePL
C , PU

C , rLC andrUC give the lower and upper bounds for the transition proba-
bilities and exit rates, andL] is the abstract labelling function (see Definition 12). The
CTMC induced byM]] is given by:

ACTMC λ(M
]]) = (S],P ′L,P ′U , λ, L])

whereP ′L andP ′U give upper and lower bounds for the uniformised transition prob-
abilities, after converting the abstract CTMC component into an ACTMC (see Defini-
tion 11).

Let us now consider the lower bounding matrices — we require that for alls, s′ ∈
S], P ′L(s, s′) ≤ PL(s, s′). Consider first the case whens 6= s′. Then we have:

P ′L(s, s′) =
rLC(s)

λ
PL

C (s, s′) Definition 11

=
1

λ
min
t∈γ(s)

r(t) min
t∈γ(s)

∑

t′∈γ(s′)

P (t, t′) Definition 12

≤ min
t∈γ(s)

∑

t′∈γ(s′)

r(t)

λ
P (t, t′) Since min(ab) ≥ min(a)min(b)

= min
t∈γ(s)

∑

t′∈γ(s′)

P (t, t′) Definition 3

= PL(s, s′) Definition 8

Note that the central step works on the basis that all rates and probabilities are positive,
hence the minimum of the product is greater than or equal to the product of the minima.



For the case whens = s′, we have:

P ′L(s, s) = 1−
rUC (s)

λ
+

rLC(s)

λ
P

L
C (s, s) Definition 11

= 1−
1

λ
max
t∈γ(s)

r(t) +
1

λ
min

t∈γ(s)
r(t) min

t∈γ(s)

∑

t′∈γ(s)

P (t, t′) Definition 12

≤ 1−
1

λ
max
t∈γ(s)

r(t) + min
t∈γ(s)

∑

t′∈γ(s)

r(t)

λ
P (t, t′)

≤ 1− max
t∈γ(s)

∑

t′∈S\{ t }

r(t)

λ
P (t, t′) + min

t∈γ(s)

∑

t′∈γ(s)\{ t }

r(t)

λ
P (t, t′) See Below

= min
t∈γ(s)







1−
∑

t′∈S\{ t }

r(t)

λ
P (t, t′)



+
∑

t′∈γ(s)\{ t }

r(t)

λ
P (t, t′)





= min
t∈γ(s)

∑

t′∈γ(s)

P (t, t′) Definition 3

= PL(s, s) Definition 8

To prove the noted step, let us assume that we have the minimumand maximum values,
tmin
1 , tmin

2 , tmax
3 andtmin

4 , of the following sums:

– tmax
1 maximises:max

t∈γ(s)
(r(t)).

– tmin
2 minimises: min

t∈γ(s)

∑

t′∈γ(s)

r(t)

λ
P (t, t′).

– tmax
3 maximises:max

t∈γ(s)

∑

t′∈S\{ t }

r(t)

λ
P (t, t′).

– tmin
4 minimises:max

t∈γ(s)

∑

t′∈γ(s)\{ t }

r(t)

λ
P (t, t′).

Using these minimising and maximising values, we have:

1−
r(tmax

1 )

λ
+

∑

t′∈γ(s)

r(tmin
2 )

λ
P (tmin

2 , t
′)

≤ 1−
r(tmax

1 )

λ
+

∑

t′∈γ(s)

r(tmin
4 )

λ
P (tmin

4 , t
′)

= 1−
r(tmax

1 )

λ
+

r(tmin
4 )

λ
P (tmin

4 , tmin
4 ) +

∑

t′∈γ(s)\{ tmin

4
}

r(tmin
4 )

λ
P (tmin

4 , t
′)

≤ 1−
r(tmax

3 )

λ
+

r(tmax
3 )

λ
P (tmax

3 , tmax
3 ) +

∑

t′∈γ(s)\{ tmin

4
}

r(tmin
4 )

λ
P (tmin

4 , t
′)

= 1−
r(tmax

3 )

λ
(1− P (tmax

3 , tmax
3 )) +

∑

t′∈γ(s)\{ tmin

4
}

r(tmin
4 )

λ
P (tmin

4 , t
′)

= 1−
r(tmax

3 )

λ

∑

t′∈S\{ tmax

3
}

P (tmax
3 , t

′) +
∑

t′∈γ(s)\{ tmin

4
}

r(tmin
4 )

λ
P (tmin

4 , t
′)

= 1−
∑

t′∈S\{ tmax

3
}

r(tmax
3 )

λ
P (tmax

3 , t
′) +

∑

t′∈γ(s)\{ tmin

4
}

r(tmin
4 )

λ
P (tmin

4 , t
′)



Hence it holds thatP ′L(s, s′) ≤ PL(s, s′).
By a similar argument, we can show thatPU (s, s′) ≤ P ′U (s, s′), hence we have

M] ≤ ACTMC λ(M
]]).

Theorem 4

Consider two PEPA componentsC1 andC2, with abstractions(S]
1, α1) and (S]

2, α2)

respectively. LetM]]
i,a = AbsComp(S]

i ,αi)
(Qa(Ci)) for i ∈ { 1, 2 }. Then for allλ

such thatUnif λ(C1 BC
L

C2) is defined, the following holds:

Abs(S],α)

(

Unif λ

(

Q
(

C1 BC
L

C2

)))

≤

ACTMC λ





∑

a∈L

M]]
1,a � M]]

2,a +
∑

a∈L

M]]
1,a � M]]

2,a





whereS] = S]
1×S]

2,α(s1, s2) = (α1(s1), α2(s2)), andL = (Act(C1)∪Act(C2))\L.

Proof. Consider first a particular action typea ∈ L ∪ L. This results in the following
term from the above comparison (expanding out the Kroneckeroperator on the left hand
side):

Abs(S],α) (Unif λ (Qa(C1) � Qa(C2))) ≤ ACTMC λ

(

M]]
1,a � M]]

2,a

)

Where� = � if a ∈ L, and� if a ∈ L.
From Theorem 3, we have the following:

Abs(S],α) (Unif λ (Qa(C1) � Qa(C2))) ≤

ACTMC λ

(

AbsComp(S],α) (Qa(C1) � Qa(C2))
)

We therefore need to show that:

AbsComp(S],α) (Qa(C1) � Qa(C2)) = M]]
1,a � M]]

2,a

Consider the case whena ∈ L, and therefore� = �. We have:

Qa(C1) � Qa(C2) = (S1 × S2,P1,a ⊗ P2,a,min{ r1,a, r2,a }, L1 × L2)

The ACTMC componentM]]
a that this induces is as follows:

M]]
a = AbsComp(S],α)(Qa(C1) � Qa(C2))

=
(

S
]
1 × S

]
2, (P1,a ⊗ P2,a)

L, (P1,a ⊗ P2,a)
U , (min{ r1,a, r2,a })

L, (min{ r1,a, r2,a })
U , L

]
1 × L

]
2

)

But notice that the lower bound(P1,a ⊗ P2,a)
L is the same asPL

1,a ⊗ PL
2,a, since the

minimum of a product is the same as the product of the minima, for positive values.
Furthermore, the lower bound for the rate function,(min{ r1,a, r2,a })

L, is the same as
min{ rL1,a, r

L
2,a }, the minimum of the lower bounding rate functions. The same holds



for the upper bounds. But this is the same as the composition of the ACTMC compo-
nents ofC1 andC2 for action typea:

M]]
1,a�M]]

2,a =
(

S
]
1×S

]
2,P

L
1,a⊗P

L
2,a,P

U
1,a⊗P

U
2,a, min{ rL1,a, r

L
2,a },min{ rU1,a, r

U
2,a }, L

]
1×L

]
2

)

It therefore follows thatM]]
a = M]]

1,a � M]]
2,a.

Consider the case whena ∈ L, and therefore� = �. We have:

Qa(C1) � Qa(C2) = (S1 × S2,P1,a ⊕ P2,a, r1,a + r2,a, L1 × L2)

This induces the following ACTMC component:

M]]
a = AbsComp(S],α)(Qa(C1) � Qa(C2))

=
(

S
]
1 × S

]
2, (P1,a ⊕ P2,a)

L, (P1,a ⊕ P2,a)
U , (r1,a + r2,a)

L, (r1,a + r2,a)
U , L

]
1 × L

]
2

)

But we have, for:

(r1,a + r2,a)
L(s]1, s

]
2) = min

s1∈γ(s]
1
),s2∈γ(s]

2
)
r1,a(s1) + r2,a(s2)

= min
s1∈γ(s]

1
)
r1,a(s1) + min

s2∈γ(s]
2
)
r2,a(s2)

= rL1,a(s
]
1) + rL2,a(s

]
2)

The same follows for the upper bound of the rate function, andwe follow a similar
argument for the bounds of the probabilistic transition matrices. Hence this is the same
as the composition of the ACTMC components ofC1 andC2 for action typea:

M]]
1,a⊕M]]

2,a =
(

S]
1×S]

2,P
L
1,a⊕PL

2,a,P
U
1,a⊕PU

2,a, r
L
1,a+rL2,a, r

U
1,a+rU2,a, L

]
1×L]

2

)

HenceM]]
a = M]]

1,a � M]]
2,a.

We have shown that the safety of the abstraction is preservedfor all action types
a ∈ L ∪ L, and so it follows that this also holds for the sum over all action types.


